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The primary objective of this study was to provide an 
experimental model of children's representations of addition and 
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different counting schemes differ in their addition and subtraction 
concepts and how the types of problems children solve correlate with 
the addition and subtract ion concepts were specifically explored. The 
3-week study was conducted as a teaching experiment , _ with children's 
behavior observed and their mental processes probed in interviews, 
and in teaching episodes. Eight children in grades 1 and. 2. were 
selected to reflect possible variations in counting, addition, and 
subtraction schemes. Four representations of addition concepts and 
six representations of subtraction concepts were found, with one or 
more specific schemes identified with each representation. The 
schemes were classified by developmental levels . Children who 
constructed higher level schemes also solved all kinds of addition 
and subtraction problems which involved larger numbers. Children's 
uses of their schemes reflected awareness of the difficulty of a 
problem and basic understanding of adding and subtracting. (MNS) 
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RojiroSoritations of Children's Addition and Subtraction Concepts 

Attract 

The counting unit types, counting perceptual, motor, verbal, and 
abstract unit items have been identified w ' *:h children's schemes 
for adding and subtracting. The observations on eight first- arid 
second-graders involved in a three-week teaching experiment, 
provided four representations of children's addition concepts, and 
six representations of their subtraction concepts. One or more 
specific schemes have been identified with each representation. 
The schemes have been classified according to developmental 
levels, with the children capable of using the more advanced unit 
types , constructing the higher level schemes. Children who 
constructed higher level schemes also solved all kinds of addition 
and subtraction problems, which involved larger numbers. 
Children's uses of their schemes reflected the awareness of the 
difficulty of a problem, arid their basic understanding of adding 
arid subtracting. 



Ropi* oseiita tidris of Children's Addition and Subtraction Concepts 

Benjamin A. Eshun 
University of Georgia 

Despite the long history of educational reforms the 
education community is still unclear as to what we mean by 
educating children in schools, even when we restrict our 
concern to a subject area like mathematics. What are the givens 
i..: the school setting? Is it the child or a predetermined scope 
and sequence of a mathematics curriculum? Let us quickly cast 
our mind into a classroom where a teacher is helping a child, 
Hendry , a six-year old, to solve "6 + 3 11 . The teacher is 
frustrated because despite all her efforts and encouragement 
little Hendry can simply not utter "6-7,8,9" and give "9" as 
the answer. Hendry has to use blocks, count but six blocks arid 
then count three more blocks in a separate location. Finally 
he makes a singl e heap of all the counted blocks arid 
sequentially touches the blocks while Uttering "1,2,3 ... 9". 
The teacher's intention is to teach Hendry to count on from "6" 
but: the latter can only count pe rceptual items (blocks , 
fingers) , arid has yet to construct unit items from number word 
utterances . 

The -above epi sode suppor ts the view that teachers need to 
be fully aware of the child's processes for representing 
addition and: subtraction of numbers, as well as the unit items 
the child is capable of creating while counting. It is this 
knowledge that would enable the teacher to provide appropriate 



opportunities that could help to bring out the most prominent 
riisthcrna t;j cal knowledge in the child - ail ideal goal which 
kireenkd (1959) has called "pedagogical optimism" (p. 19) . 

The primary objective of the study reported in this paper 
is to pt; ov ide an e xpe r i mental model of children's 
representations of addition and subtraction concepts viewed as 
constructed schemer;. The study will also investigate the 
possible indicators of devel opmen tal itineraries of adding and 
subtracting schemes that are identified in the experimental 
mo'del . In pa r ti cular , we will invest! ga te how chil dr en who 
possess different counting schemes differ in their addition 
concepts and subtraction concepts, and how the types of 
problerrs children solve correlate with their addition concepts 
and subtraction concepts. 
Rational e 

On every occasion that the child attempts to solve or 
correctly solves an addition or a subtraction problem, the 
child reveals something about her knowledge of the arithmetical 
operation in particular and her knowledge of number in general. 
It is not that the child creates or constructs a piece of 
knowledge according to the rules and structure of the 
ma thema ti cs she is starting to learn ; rather the child 
re- presents the ma thema ti cal operation (an internalized 
activity in the Piage tian sense) in whatever way she can. This 
global r e-pr "esenta ti on is a reflection of the way the child, at 
that moment in her development, organizes her experience. 

♦ 
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The Piagetiari principle is taken that the child 
necessarily has to construct her own representations of reality 
~ r v/eh if , at some later point E development the child's 
subjective reality does become or is expected tn be compatible 
with the reality of the social group in which she operates. 
Steffe, von Clasersfeld, Richards, & Cobb (1983) have • 
demonstrated that the concept of uni t , that forms the basis of 
all numerical operations arid arithmetic skills is developed out 
of the child's own constructions which pass th rough a sequence 
of stages. The counting types of Steffe et al . (1983) provide a 
firm foundation from which to explore the steps children take 
when constructing addition and subtr action concept g . 

Addition and subtraction constitute a major part of the 

elementary school mathematics curriculum, especially in the 

first and second grades. The importance of the need for 

teachers to provide appropriate opportunities for children to 

construct and use addition and subtraction concepts cannot be 

overemphasized. This need has been a recurrent theme in 

r ©commendations made by researchers investigating children's 

concepts or skills for solving addition and subtraction 

problems. Brownell (1528) addressed this need in the following. 

recommendation : 

teachers must keep fully informed. concerning the 
stages of development of the pupils' by means of 

contiguous study • . . of the .procedures and processes 

which the pupils employ in dealing with numbers (p. 143) ♦ 

More than 20 years after B rownell 1 s recommendation, Ilg and 

Ames (1951) found the need to make a similar recommendation, 

Not * drily is it impor tant to know more about each 
individual child 1 s developmental rate in regard 



to mathematics, but also we should know more about 
each Individual child' s parti cuiar processes, 
number systems; and devices which he uses in 

arriving at answers to arithmetic problems (p. 26) 

Most first- or second-g i ade teachers will conf i rm that 

they have observed significant individual differences regarding 

the processes and the strategies their pupils use to solve 

addition and subtractitn problems, despite the common 

instruction the teachers provide. Appropriate instruction, 

which takes the children's differences into consideration 

requires knowledge of the addition and subtraction concepts 

children do construct and how they construct them. Researchers 

(Brownell, 1928; Carpenter, 1983b; Carpenter & Moser , 1981, 

1982; Davydov * Andronov, 1981; Groen & Resnick, 1977; Houlihan 

& Ginsbu rg, 1981; Ilg & Ames, 1951; Siegler & Robinson, 1982 ; 

Stof f e, Thompson, & Richards, 1982; Steffe, von Glasersf eld, 

Richards, & Cobb, 1983; Suppes S Groen, 1967; Woods, Resnick, & 

Groen, 1975) have attempted to map the processes children use 

to solve addition arid subtraction problems for more than half a 

century. Despite the well-documented strategies that children 

use to solve these problems, Carpenter and Moser (1981) have 

rightly pointed out that there is "a great deal that is yet 

unknown about how addition and subtraction concepts and skills: 

.are acquired" (p. 62). 

Providing models that .are based oh-minute analyses of 

observations of children's constructive activities in the 

context of solving problems is one viable approach to 

elucidating children's acquisition of adding and subtracting 

schemes ; • Mo two children may be exactly the same with respect 

* 
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to their intellectual development. While there always may be 
some significant differences in the const ruction of adding and 
subtracting schemes by any two children* a teacher's knowledge 
of the ways arid means of the acquisition of these schemes may 
greatly facilitate her ability to foster the adaptations made 
by particular children. 

The teacher with the goal of fostering adaptation should 
be generating hypotheses about her children's actions, 
interpreting thei r behavior, and evaluating these hypotheses to 
provide evidence arid support for her future decisions. The 
teacher should have the specific objective of applying, 
immediately, her knowledge and the interpretation of her 
observations to assist the children she is teaching. The 
significance of the study is enhanced by the benefit a teacher 
can derive from the models provided in her diagnosis arid 
direction of children 1 s construction of addition and 
subtraction concepts. The inclusion of children's counting unit 
types in the representation of addition- and subtraction 
concepts in the study opens up another dimension for research 
into how children come to acquire and construct these concepts. 

THEORECTICAL FRAMEWORK 

Te aching and Learning 

Th e Child 

Psychologists and educators have long r ecognized the child 
as the center of interest (Knight , 193 0 , p. 3) in education. 
Some will go further arid claim the chil d ' 3 as also the most 

t 
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important component of education (Gattegno, 1970, p. ii) . 
Knight (1930a) rightly points out that it is inadequate to base 
teaching solely on the "interest and felt needs' 1 of the child. 
But he favors strict adherence to the organized "curriculum 
laid down before the child enters school" (p. 6) • Hence, the 
curriculum becomes the meet • inipor tant component and not the 
child as suggested by Gattegno (1970) . Focusing on the child 
should result in organizing the curriculum not beforehand, but 
according to the mental powers of the child. Gattegno (1970) 
calls these powers the "f unctionings of children" (p. 7) . To 
have a functioning is to have the "know-how" to function in a 
particular way. Some important examples of these f unctionings 
for learning mathematics are the power of extraction, the power 
to make transformations, the power to make abstractions, and 
the power of imagery. 
i^_Kle_dge 

Focusing on the nienuai powers of the child leads to the 
primary concern of synchronizing teaching with children's 
mathematical thinking. Th us, to be successful, an approach to 
teaching should lead to the generation of knowledge by the 
students. The most important question is, "how does the child 
come to have particular knowledge"? The answer we give to this 
question depends on bur view of the ratUre of knowledge. 

In th.e decade from :;he 1970 to 198C the hopes the "New 
Math" had kind] ed for tne teaching and learning of mathematics 
disappeared.. The mathematics education community whichi in the 
sixties, appeared to know "where it yas going" gradually 
realized that children were not performing any better in 

i 
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mnthonia ti us than the children of previous decades. In fact^ 
many children left the study of mathematics as soon as possible 
(Hurd, 1982). Compiaceny had to give way to a period of 
"groping for a clearer focus and sense of direction 1 ' (Hill^ 
1 983 r p. 1). The failure of the New Math movement was 
ironically due partly to the apparent success claimed by : the 
mathematics educators involved in identifying the type of 
knowledge children needed to acquire. As von Glasersf eld put 
i t : 

Educators were concerned v/ith getting knowledge 
into the heads of their students, and educational 
: ; researchers were concerned with f inding better 

ways of doing it. There was then, little if any 
uncertainty as to what the knowledge was that 
students should acquire, and there was no doubt 
at all that, in one way or another , knowledge 
could be transferred f rom a_ teacher to a ^student . 
The only question was , which might be the best 
way to implement that transfer (p. 42) . 

This approach to teaching is based on the assumption that the 

teacher possesses knowledge which she iinpar ts to the student. 

Gattegno (1970) characterizes this approach as the 

"subordination of learning to teaching" (p. 5), and illustrates 

it as in Figure 1 (p. 3) . In this scenario, knowledge is 

supposed V.o exist independently of the student and can be 

passively transferred to him or her by the teacher. The student 

is supposed to need only memory in or dor to receive knowledge 

(Gattegno, 1970, pp. 3-4).. 
* 

Insert Figure 1 about here 



i 

= 7 = 10 



vori Glasersf eld (1983) provider, a sketchy but adequate 

Historical review of the traditional conception of knowledge. 

lie? concluded that a dilenia arises when we accept the 

traditional conception of knowledge "that requires a match or 

c o.r n.e spp nde.n ce between (our ) cognitive structur es and what 

these structures are supposed to represent" (p. 48) , because in 

this scenario, "truth" becomes the perfect match, that is, a 

flawless representation. He arnues that, since we are logically 

incapable of having a "God's eye view" (Putnam, 1981) of the 

real world and its presumed representation, there is no way but 

of- the dilema (p. 48). However, he suggests we can resolve our 

experiential problems by adopting the kind of knowledge that 

Tits human observations. From this perspective, the world we 

live in is always and necessarily the world as we conceptualize 

it. But we still cannot make "facts" as we like. For as von 

Glasersfeld put it: 

They are viable facts as long as they do not clash 
with experience, as long as they remain tenable in 
the sense that they continue to do' what we expect 
them to do (p. 51 ) . 

If we take this latter view of knowledge then bur approach 
to teaching and learning should differ from that illustrated in 
Figure 1. For in this (second) scenario, the student will have- 
to organize. what the teacher says to fit his or her own 
knowledge. Knowledge, then/ is constructed by the student as 
opposed to being transferred ready-made by the teacher . This 
approach to teaching arid learning is consistent with wfrat 
Gat tegno (197C) calls "the subordination of teaching to 
learning" (p . 14), which he illustrates as in Figure 2 (p. 14). 

- 8 - U 
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It should bo emphasized, However , that the communication 
between the student and the- teacher is crucial even though the 
child has to construct its own knowledge. We shall see the need 
for this communication later when we consider the "teacher's 
role in the child's learning situation. 
Theor ies of Learn ing 

. . Since the turn of the century psychologists have 
propounded a number of theories and explicated how these 
theories could optimize the learning of mathematics (especially 
arithmetic} . The connectionism of Thorndike (1922) attracted 
many disciples. Knight (193 0b) based his treatment of teaching 
methods on Thorndike 1 s connectionism and provided extensive 
treatment of drill on the basic facts. The Gestal t psychology ■ 
developed by Kohler (1929) and Wer theimer (1923 / 1938) 
endeavored to explicate more complex learning in problem 
solving and understanding of mathematical stuctur es than the 
connectionism of Thorndike (1922) could explain. Katoha (1940 / 
1967) extended the principles of Gestal t psychology to 
explicate the distinction between "senseless" (rote) and 
"meaningful " (understanding) learning. Ah impor tant issue in 
1 earning theories is the transfer of knowledge gained in 
learning one. task to another. Gagne (1962, 1970) initiated the 
cumulative learning theory in which he explicates how complex 



skills can bo analyzed into ordered subskills, or learning 
hierarchies . 

Piaget (1964) has hot provided any explicit theory of 
learning that can be applied directly for instruction. His 
views are that development of knowledge explains learning 
rather than the widely held opinion that development is "a sum 
of discrete learning experiences (p. 8). Piaget (1970b) has 
identified. three categories and meanings of experience that 
contribute to cognitive development. First, there is simple 
exe rcise in which the child acts on objects without extracting 
any knowledge from them. But the exercise may , if exploratory 
in nature, pr ov ide new exogenous information as well as 
consolidate the child's activity. Second, there is physical 
experience which enables the child to. extract information from 
the. objects themselves using simple (empirical) abstraction. 
Here the child discovers new properties of the objects while it 
disregards others (e.g. discover weight while disregarding 
color) . Third/ there is loqico- mathematical experience which is 
an important component in cognitive development and allows the 
child to discover new deductive instruments. This experience 
enables the child to derive knowledge based on his actions on 
objects rather than from their physical properties. Piaget 
(1970b) emphasizes that knowledge acquired through experience 
has two poles : "acquisition derived £ rom the objects and 
constructive activities of the subject" (p. 721) . Piaget (1964) 
cautions that while it is possible to obtain learning th rough 
physical . experience by external rein'f or cement , learning that 
involves the construction of a logical structure cannot be 



obtained by external reinforcement (p. 16) . Piaget (1964) 
points but that such learning may be possible only if the 
subject (learner) already possesses the necessary and 
suppbr tive simpler f mor e elementary logical- ma them a ti cai 
structures required for the structure to be taught (p. 16). 
The Teacher ' s Role * • 

Perhaps the greatest attraction of behav ior ism is in the 
possibility of providingspeclfic and di rect guidelines for 
instruction. The teacher's role is well defined in instruction 
based on behav lor IstI c principles. However, the state of the 
ar:t of mathematics teaching Indicates that clarity of purpose 
and specified sequence of instructional steps do hot in 
themselves guarantee success in learning by students. 

We take the view that knowledge is not passed on to the 
passive student by the teacher (Gattegno, 1970; Piaget, 1970a) . 
The student generates knowledge th rough his or her actions 
(transformations) carried out on objects (Piaget, 1970a) or 
through interaction with the teacher (Gattegno, 1970) (see 
Figure 2) . Thus the teacher should not consider herself as a 
repository and a transmitter of knowledge (Vergnaud, 1983) to 
the student. The teacher's role is to create the enviroment 
that is most congenial for the child to interact with her 
(teacher) . The most impor tant task of the teacher is to select 
appropriate activities that the child can carry out. The 
teacher has then to determine "where the child is" f rom the 
child's behavior as the latter performs the activ i tes . * The 
teacher's understanSi-ng of the child;' s knowledge will be 
compared with the teacher's goals for the child arid adjustments 



made in the latter. As the child Is working the teacher 
carefully intervenes ^ providing the guidance and support that 
is necessary to enable the child to make progress;, Alsb^ the 
teacher's intervention could be in the form of asking hew 
questions to enable the child to reflect, if possible, oh her 
experience of doing mathematics. ; 

To understand the child's actions and responses, the 
teacher must formulate hypotheses about the child's' 
capabilities and the possible progress she (child) can achieve. 
This calls for testing the hypotheses which ultimately leads 
to. the generation of further tasks and hypotheses . The 
teacher, in essence , will take on the role of an hypothesis 
f ormula tor and tester with the specific obj ective of using her 
knowledge about how a particular child thinks and act s • The 
teacher ' s goal is to lead the child in the acquisition of a 
; knowledge or of a method to solve a task. But the teacher must 
allow the child to generate her own conceptions or methods. 

The role of the teacher suggested above is consistent with 
the constr uctivist approach to teaching (Cobb & Steffe, 1983; 
von Glasersfeld, 1983). The principles of constructivism may 
therefore have little meaning and application for the teacher 
• who believes, first , that she heeds a textbook that explicitly 

directs all' her mathema ti cs teaching ; second, that children 
should be .taught in large groups with a minimum of child 
ini ti ated communi ca ti on ; third, that the child ' s own 
constructed methods f Or solving arithmetical tasks are ' 
unimportant and should be ignor ed and;. 1 fourth, that children 
need to be dr il led to acqui re adul t methods and procedures • The 
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"cbristr uctivist teacher" is required to be creative arid 
sensitive to each child 1 s. mathematical kribwledge. This 
situatibri places a great deal of responsibility bri the teacher 
as well as pr esentirig an enormous problem when th e teacher 
comes to grips with the slow pace of progress in some children. 
But the teacher should be encouraged by the fact that her. 
success wil 1 not depend on how much of the adult concepts and 
methods the child is able to master. Rather, her goal should be 
to bring out the most prominent "mathematical" knowledge in the 
child. This can only be achieved through the intelligent use of 
th.e powers of the mind of all concerned, both the teacher and 
the student (Gattegno, 1970 , p. ii) , thus making the 
communication between the teacher and the child the most 
crucial aspect of teaching. 

The Figurative and Operative Aspects of Thought 

Piaget (1970a) distinguishes two apects of thinking that 
are different, but complement each other. He calls these the 
figurative and operative aspects. In Piaget 1 s (1970a) view, the 
essential aspect of thought is its operative arid riot its 
figurative aspect (p. 15). But to obtain a complete picture of 
children's merital development we must consider the figurative 
aspect in addition to the operative aspect (cf. Steffe, 1983). 
To Piaget (1970a) , for a child to know an object or some 
"reality",, that child must act bri the object arid transform it 
in order to understand how a certain state is brought about 
(p;15) . The ppe rati ve • aspect s of' thought are the set of actions 
and operations (internalized actions) of the child that attempt 
to transform reality (Piaget, 1970b, p. 716) . Thus Piaget 

i 
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(1970bj points out that "operative" is a broader term than 
"operational " , as the latter is drily related to the operators 
(p. 716), On the other hand> the figurative aspects are the 
activities that attempt to imitate reality: perception* 
imitation (including graphic imitation or drawing), arid mental 
imagery (cf . Bruner 1 s (1966) enact ive and iconic . 
representations) . 

Empirical and Reflective Abstractions 

The type of knowledge that a child derives from an object 
depends on the sources of the child's abstractions. Piage t 



(1370a) provides two sources from which the child can abstract. 

First* there is the object itself, arid second there are the 

actions carried but bri the object. Piaget (1970a) calls the 

knowledge or abstraction derived from the obj ect itself 

"empirical" knowledge or "simple" (empi rical) abstraction. The 

knowledge or abstraction drawn from the coordination of - 

actions, and not from the object, is called logical - 

mathematical knowledge or "reflective" abstraction, using this 

term in a double sense. For as Piaget (1970a) explains, 

"Reflective" here has at least two meanings in the 
: psychological field, in addition to the one it has 
in physics . In its physical sense ref lection refers 
to such phenomenon as the reflection of a beam of 
light off some surface onto another surface . In a 
first psychological sense abstraction is th e 
tr ansposi tion from one hierarchical level to another 
level of action (for instance , from the level of 
action to the level of operation) . In a second 
psychological sense reflection refers to the mental 
process of reflection, that is, at the level of 
thought a r eor gani zati on takes place (pp. 17-18) • 

The construction of units or unitary items (Steffe et al . , 

1983; von Glasersfeld* 1981) by the child from things (sensory 
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material ) constitutes ail instance of pseudd-empi rical 
abstraction (von Glasersfeld, 1981, p. 52). When the child 
takes these units as material and unites them to construct a 
number (composite unity) then he or she has made a reflective 
abstraction. Here the action is a mental act which is 
reversible and therefore an • operation. 



The Counting Types 

Steffe et al. (1983) have demonstrated, through minute 
analyses cf first-grade children's counting behavior in the 
context of solving ar ithme ti ical tasks , that children construct 
five different types of units. 

£oun_tincj is defined as "the production of a sequence of 

number words , such that each number word is accompanied by the 

production of a unit item 1 * (Steffe et al., 1983 , p. 24). Each 

counting type is based oh the type of unit item the child 

appears to create and is aware of during counting. This view 

agrees with that of Bridgman (1959) when he pointed out that, 

"the thing we count was riot there before we counted 
i t , but we create it as we go along. It is the acts 
of creation that we count" (p. 105). 

The unit items are the objects that are created by the child as 

she isolates arid fbcUses bri certain sensory-motor signals, i.e. 

visual, auditory, and tactual perception , and also 

m opr ioceptive sensation. The five counting types, in order of 

sophistication, are counting perceptual, figural, motor, 

verbal, and .abstract unit items. As 'she creation of these unit 

items constitutes a developmental prpgressioh, the child who is 

a counter of a particular unit item is capable of creating arid 
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counting more primitive items; Thus a child is classified as a 
counter of the most advanced unit items that she can create 
while counting. Figure 3 (Stef f e , et al. r 1983 f p; 117} ^ 
schema ti callly represents the hierarchical classification of 
counters and the types of items that they are aware of arid can 
create during counting. 



Insert Fi qur e 3 about here 



Counting Perceptual Unit Items 

Stef f e et al . (1983) refer to counting that takes 
perceptual items as units as counting perceptual unit items . 
The child who requires the perceptual component arid is unable 
to count unless a collection of perceptual items is actually 
availabe is called a counter of perceptual unit items . The 
child's global experience comprises not only the perceptual 
signals from which the perceptual items* are isolated and 
constituted into coun table Luni ts , but also the child's motor 
acts (pointing or nodding) , and the vocal production of number 
words . But the child has no awareness that the number words 
designa te the numerosi ty. of consecutively produced perceptual 
unit items. * 

Counting Mgural Unit Item s 

The f irst step towards independence from perceptual 
signals in counting is when the child develops abil ity ' to 
abstract f igural representations of perceptual items (i.e. 
visualized imatfes) . This becomes necessary when perceptual 



items presented in a task are hidden from the child's view 
under a screen. The child's figural re-presentations of the 
inaccessible perceptual items may be complete or only partial 
representations. A child is called a counter *£ lisuxal unit 
items if the child is able to construct and count . xgural 
representations of perceptual items which, though they are 
presented in the context of a task, are not perceptually 
available at the moment. The child's counting actions are 
necessarily restricted to the area of the screen concealing th 
perceptual items, because the child is counting the hidden 
perceptual items, the child is unaware of the motor acts 
(pointing or touching specific locations over the screen) for 
isolating the visualized images into discrete experiential 
items . 

Counting Motor nhit T rer^ 

The next step from counting with figural items is when the 
child differentiates its motor activity from other components 
of a counting act (e.g., visual perception, utterance of a 
number word) . The child can therefore execute its motor actions 
intentionally as well as in absence of perceptual items. The 
motor act can now be taken by the child as a unitary event that 
has a beginning and an end. So the motor act becomes a 
substitute for countable per.ceptuual items, and the child 
attends to the motor act as a unit item. A child is said to be 
a eoqnter sf motor unit items whenever the child's countable 
items are limited to perceptual, figural, and motor units 
(Steffe, et al . , 1982, p. 85) . Such a child still requires the 
actual performance of a motor act, accompanied by the utterance 



of a number word, in order to create a countable item. The 
counting activity has yet to be fully internalized by the 
counter of motor unit items. 
Counting Ve rbal Unit Items 

The vocal production of a number word is itself a motor 
act. But it is a special kind of motor act, because the . 
proprioceptive sensations arising from the beginning and end of 
the utterance of a number word are less apparent. Tfie child 
has, therefore,, more difficulty in considering its utterances 
as discrete items. When the child has developed greater 
self -awareness so that number words can be used as substitutes 
for items of the previous types, she is called a counter of 
verbal U ni4- j^t^ms (Steffe, et al., 1983 , p. 120) . 
Counting Abstract Uni t J t efflK 

Counters of verbal unit items are not capable of what is 
generally called "double counting. " To do so r equi res the 
awareness that the numerical st ructu re designa ted by a number 
word is a composite of individual Units-. Steffe et al. (1983) 
call "a child a counter of abstract unit items 1 only when she 
has acquired the capability of going from a number-word to the 
conceptual structure wiiich that word designates, i.e., to the 
intenai construct that constitutes the particular numerositv " 
(pp. 120-121) . For example, to solve "7 + 4", the counter of 
abstract ' unit items will simply utter } "seven 11 then continue 
with "eight , nine , ten , eleven 11 while extending four fingers to 
keep track of his or her counting acts. By uttering, "seven" , 
the child can unite the counting acts, "one , two, three, ... , 
seven" into a numerical structure (composite unity). This is an 



example of integration and Steffe et al, (1983) call it tacit 
integration (p. 69) because the counting acts were implied in 
the utterance of "seven 11 but not actually performed. 

The counter of abstract unit items itentiorially keeps 
track of its counting acts because they are instantiations of 
the numerical structure to which "four" refers. Upon arrivig at 
the number word "eleven" - r the child can take it to desigria te 
the numerical structure that contains 11 iridiv idual *urii ts . The 
child who is a counter of abstract unit items does not need to 
be given any perceptual items in order to create the conceptual 
structure that constitutes countable items. But such a child 
can take any se nsor y-mot or unit itself as an abstract unit. 
€ ount i irq S c hemes 

Counting is an activity that is repeatable .and can 
therefore be considered as a schem e for , as Piaget (1980) 
points out, "all action that is repeatable or generalised 
through application to new objects engenders by this very fact 
a 1 scheme 1 " (p. 24) . But a scheme is not simply activity, von 
Glasersf eld (1980) .describes the complex nature of schemes as 
follows : 

Schemes as basic sequences of events that consist of 
parts . An initial par t that serves as a trigger or 
occasion. In schemes of action, this .roughly 
corresponds to what behv ior ist s would call "stimulus " , 
i.e. f a sensory-motor pa ttern • The second par t f that 
follows upon it is an .action ("response ") or an 
operation (conceptual or internalized activity) 
The third part ... is.what I call the result or sequel 
of the activity (p. 81) . 

• • • 

The child 1 s counting activity in the context of solving 

addition • and subtraction is therefore a scheme. What triggers 



or presents ah occasion fer counting depends dri the child's 
previous experiences. For example, the humeral "4" or number 
word "four " may hot itself tr igger counting by a counter of 
perceptual or motor unit items; The child may have to associate 
the numeral or number word with a collection of items or a 
figural pattern which then sparks off in che child an intention 
to count. The second part of the counting scheme is a 
constructive activity in which the child creates and counts 
court table items-. As pointed out in the last section, the 
countable items (from the child's view) will be perceptual, 
f i.gur al , motor, verbal, or abstract unit items. The counting 
scheme for a child will therefore include the countable unitary 
items that she is capable of creating. The period (length of 
time interval) during which a child creates her most advanced 
unit item is referred to as the period of the counting scheme. 
The counting scheme periods are referred to as the perceptual, 
figural, motor, verbal, or abstract periods, respectively. 

The Role of a Function Machine 
The "function machine 11 is described in the literature 
(McKillip & Davis, 1 980 ) as a device that accepts numbers in 
the form of input numerals and does something to these numbers, 
giving the result as output numerals. Even though it is 
possible* t.o construct a function machine that can actually 
carry out an internal transformation on the input numerals to 
produce outp.ut numerals (cf. the' calculator or the 



microcomputer ) , the idoa has been to use a simple box with, 
openings, say, marked "IN" and "OUT" as illustrated in 

Figu i:o 4 . 



Insert F±g.:r e 4 about here 



The adult is aware that what the machine does to the 
input numer al s is an imagi ha tion of the mind but the child 
would usually "play the game" and believe that the machine 
actually does something to the input numeral s. The function 
machine therefore provides an ideal device that can. be used by 
the adult to simulate the operations of addition and 
subtraction. Second , the device can be used to present 
problematic situations that translate into addition, 
subt racti on, missi ng-adderid, missing- subtrahend, 
mi ssing-minuend , comparison, arid equalizing problems. 

The working or operational steps of the function machine 
can be considered as the analogue of the parts of a scheme* The 
tirst step, acceptance of input numerals, can be compared to 
the f i rst part, the trigger of a scheme of actions Next, the 
second step, giving a result as an output numeral, can be 
compared to the third part, the result or sequel of a scheme . 
The child,* presented with an operation performed by the 
machine, witnesses these two steps. But the child does riot 
"see" how the machine carries out the second step, the analogue 
of the activity or operation of a scheme. 

4 
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Let us suppose the input numerals are "5" and "3" and the 
machine "does something to these numerals 11 and yields the 
output numeral "{J" . We can then ask a child to infer the 
operation (internalized or hidden action) she believes the 
machine carried out. If the child is able to respond correctly 
that the machine performed an "addition", then we can infer 
that her knowledge of addition is an internalized or mental 
action of which she is aware. Because, in order to respond 
correctly, the child had to know either the addition fact "5 + 
3 = 8" or be able to mentally add 5 and 3 and compare her 
result with the output numeral "8". Such a child would have 
demonstrated an operative (Piage tian sense) concept of 
addition. 

Another child might count her fingers or objects arid 
compare the last number word "eight" uttered in the counting 
acts with the output numeral . This child may select "addition" 
or "plus" as the operation carried out by the machine but use 
different expressions. For example, the- child may say, "the 
machine makes 5 arid 3 become 8". Further, if we replace the 
input numeral s with cards showing pictures f>f animals, say 
birds on a card, then the latter child might not think in terms 

of the acti on dri numbers , but physically transform the pictures 

— . - 

from two cards onto a third card, the output. This should 
indicate * that the child has not acquired addition as 
internalized action. To the child addition has to be acted but 
by manipulating objects or their mental re-pr esentation, 
pe rhaps as a recognizable f igur al pattern . The child' s concpe t 
would still be ope rati ve but the actions would be actually 

• 
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carried out . At best this child can imagine and imitate actions 
but might net be able to transform the action into a complete 
internalized activity. 

Given that a child believes that the function machine 
carries out an operation or performs some action on the input 
numerals, the child can be asked to indicate her conception of 
this operation or action. That is, the words (addition, plus, 
put together, makes a new number) a child uses to describe what 
she thinks the machine does can be used to present problems to 
investigate her concept and representation of addition. For 
example, the child is shown two numerals oh cards, say "7" and 
"8" which are then given to her to put into the machine. The 
child is then told that the machine "adds" or "puts together" 
(or using her own words for describing addition) the two input 
numerals, arid she is to figure out the output numeral. To 
present a missing-addend problem , the child is not shown one of 
the input numerals, and ei ther the inte rviewer puts the numeral 
into the machine or the child is asked to shut ^her eyes before 
given the numeral and guided to put it into the machine . The 
child is then asked to take out the output numeral and figure 
out the unknown (missing) input numeral. It is hypothesized 
• that what the child imagines the machine will do constitutes 

her representat 1 on . 

The .child's scheme for adding will reflect her concept of 
addition. By using the function machine to present addition 
problems, the child will enact re-presentations of her 'concept 
of addition. Since the problem situation involving input 
numerals into the machine may be different f rom the contexts in 

« 
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which the child would have pr evibusly learned to use her adding 
scheme (s ) , the child will have to assimilate the new situation 
into her existing scheme (s J for adding. Once the child has 
adapted to this situation* subsequent tasks will provide a 
context for her to modify her existing adding schemes in 
solutions. Similarly^ -the function machine can be used tQ 
investigate the child's concept and representation of 
subtraction. 

Modelin g 

. . Models are useful in the detailed analysis of children's 
mathematical constructions and abstractions in the context of 
solving arithmetical problems. We use "model" in the sense of 
cybernetics rather than of replica of a physical object, say f 
aeroplane. The goal is to hypothesize conceptual structures and 
systems of transformations that account for the ma thema ti cai x 
behavior (overt or inferred) exhibited by the children under 
observation. A viable way to provide models of children's 
addition and subtraction concepts is, therefore^ to attempt to 
reconstruct the steps that led the children to whatever 
conception of these arithmetical operations they might have 
acquired. The reconstruction is purely hypothetical and is 
based on our (observers') interpretation of the children's 
behavior i*n performing the tasks involving addition and 
subtraction. Steffe et al. (1983) point but this limitation in 
modeling the. child's conception of number and numerical 
ope rations : 

Such a reconstruction is necessarily hypo the ti cal , 

« 



because another person's conceptions are, by 
definition not observable. In this connect ion i t is 
crucial to remember that conceptual structures 
(knowledge) are, in our view, not transfer able • 
even if a child were aware of its own conceptions 
and could reflect upon and verbalize them, even if 
it told the observer (teacher , experimenter ) what 
it believes to be, say, its concept of number^ that 
observer could not but interpr et that verbal message 
in terms of his or her own experience (p. xvi) ; 

However, the models that are constructed from 

interpretation of observations made on some children will 

remain viable as long as they (models) are not confounded by 

other experience (or experiment). The models may then be used 

for predicting or explaining future experience (or child 

behavior). Nevertheless, from the const r ucti v is t 1 s viewpoint, 

the viability of a model does not exclude its replacement by 

another. Secondly the viability of a model is not only due to 

the nature of the model, but also to the characteristic way of 

conceptualizing the experiences portrayed by the model. Since 



the constructivist believes that the child's concepts are 
constructed from its own experience, any model of the child's 
concepts entails making certain inferences about the child's 
experience (which is invariably different from the observer's). 

One basic activity from which children construct addition 
and subtraction concepts is counting. The use of counting by 
.young children to solve addition and subtraction problems, from 
simple numerical combinations to verbal* story problems, have 
been very well documented (Brownell, 1928; Carpenter & Moser, 
1982; Carpenter, Hiebert, & Moser, 1981; Davydov & Andronov, 
1981; Fuson, 1982; Gelman £ Gallistel, 1978; Groen & Parkman, 
1972; Groen & Resnick, 1977; Star key & Gelman, 1982; Steffe, 
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Spikes, 5 Hirsteiri, 1976; Steffe, Thompson, & Richards, 1982; 

Steffe, von Glasersf eld, Richards, S Cobb, 1983; Suppes & 

Giroen, 1967; Thaeler, 1981; Woods, Resnick, & Groen, 1975) i 

Nevertheless, the work of Steffe and his collaborators (1976, 

1982 , 1983) has provided an alternative and promising 

theoretical framework to account for the constructions and 

development of children's addition and subtraction concepts. 

' Other researchers (Carpenter et al., 1981; Carpenter & Mbser, 

1982 ; Houlihan •& Ginsburg, 1981) who have modeled children's 

addition and subtraction concepts have significant differences 

in. their theor ecti cal framework. First, their analyses of 

children's behavior are based not on constructivism but on 

behavior istic or information processing paradigms (Greeno, 

1976) • Second, mathematical knowledge is assumed to exist in 

the environment independent of the child (human organism) , and 

it can be passed on directly by the teacher to the child. Thus 

Carpenter (1983a) mentions the reduction of "mathematics to a 

series of component skills that can be taught directly" (p. 

104). Steffe et al . (1983) share Piaget's (1970a) views 

concerning the growth of mathematical knowledge: 

I think that human knowledge is essentially active. 
To know is to assimilate reality into systems of 
transformations . To know is to transform reality in 
order to understand how a certain state is brought 
about." By virtue of this point of view, I find 
myself opposed to the .view of knowledge as a copy, 
a passive copy, of reality (p. 15). 

What a particular child assimilates as knowledge as a result of 

her actions .or operations, will 'therefore greatly depend on the 

child's previous knowledge or experience. The child's 

experience is necessarily different from that of the observer 

♦ 
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(adult), and may differ from that of another child; Third* all 
children who can count to solve arithmetical tasks are 
considered to be numerical (Starkey & Gelmah* 1982). Thus the 
children's actions are operative (Piage hi an sense). But Steffe 
(1983) has shown that the solution processes of some children* 
though sophisticated in appearance, are still figurative : ahd 
involve no operations (interior ized actions) but figural images 
and re-presentations. Four th, though these researchers have 
identified the use of fingers and number word utterances in 
counting processes, there is no attempt to discriminate between 
the intentions of the children. As was explained in the last 
two sections, one child may count fingers as perceptual items, 
another as motor items* and a third as abstract items. Children 
using these different conceptions of units have been shown 
(Steffe et al. , 1983) to differ significantly in their 
understanding of and solution processes for addition and 
subtr act ion problems . 

MB.THQP 

The study was conducted as a teaching experiment. This 
involved observing the* children's behavior and probing their 
mental processes during clinical interviews; There were also 
teaching episodes during which the interviewer communicated 
with the cfhild in an attempt to encourage the child improve her 
counting skills, number word sequences, use of spatial arid 
finger patte-rns, and to show flexibility in the use of her 
counting, adding, and subtracting schemes. 



Subjects 

The subjects were eight first- and second-grade children 
in ah elementary school in the Clarke County School District in 
Georgia, which serves both middle and working class 
communities. The experiment was conducted towards the end of 
Spring 1983 when the first-grade children had received 
instruction in both addition and subtraction. The eig u t 
children were selected from 17 others after about 20 to 40 
minutes interview with each child individually. The children 
were selected to reflect the possible variations in counting, 
adding, and subtracting schemes that was evident from the 
interviews. There was an equal number of males arid females as 
well as an equal number of first- and second-graders, 
^tjyriajLs 

Two types of devices constructed with boxes were used as 
"function machines" to simulate addition and subtraction 
operations and to present all types of addition and subtraction 
problems (see Tables 1 through 6? . The first function machine 



Insert Tables 1 through 6 
about here 



has two iaput holes, marked "IN" and an output hole, marked 
"OUT" (see Figure 4(a) ) . The second function machine has only 
one input ho.le and an * output hole (see Figure 4(b) ). 

Numerals written on cards were. used as input and output 
numerals for the machines. Also pictures of animals on cards 

• 
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and objects in sandwich bags were used as input and output 
numerals. Blocks of centimeter cubes were available for the 
children to use to form collections when necessary* 
procedur e 

The experiment was performed during normal school time 
and the children were taken- into a small room individually to 
be interviewed and taught . Each session was video recorded arid 
lasted from 20 to 30 minutes. The interviewer worked with each 
child for 4 to 6 sessions and the video tape for each child was 
analyzed before the next session. This enabled the interviewer 
to. formulate hypotheses about the child's counting, adding and 
subtracting schemes arid plan appropriate activities and 
problems for presentation at the next session. 

The addition arid subtraction problems were orally 
presented to each child using the f unction machines . Tables 1 
through 6 show the different problems used but the number and 
types of problems presented to each chil d depended on his or 
her pe;*^ ormance . 

First, the function machine was introduced to each child 
as a device that accepts input numerals (numerals or pictures 
on cards and objects ixi bags) ~. The child was then told the 
machine will do something to the input numerals and give the 
result as an output numeral. After this, the child was shown 
two numeral s and requested to put them into the machine and 
take out the output numeral . The child' s task was to determine 
what she thought the machine did to the input numerals * that 
resulted in the output numeral obtained. 
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Second, the child's expression for describing the 
operation was used to present problems involving that 
operation. The addition operation was used first in one or two 
sessions, depending on the performance of the child* before the 
subtraction operation v/as introduced. More addition arid 
subtraction problems, as well as comparison arid equalizing 
problems were presented in later sessions. 

Parts of some sessions were used as teaching episodes. 
The final session for each child was used to conduct an 
interview to determine the child's counting type. 



Addition Concepts 
The children's knowledge of addition as an operation were 

i 

revealed in their responses; for describing or characterizing an 
addition irngiried to* go on inside the "function machine" (see 
Figure 5(a)). Table 7 shows the various characterizations of 
addition by the children. Only three of the eight children used 



Insert Table 7 about here 



the usual words, "add 1 ' or "adding" to describe the operation. 
Two other children described the operation as "put ... together 
to make ..." (i.e. put 5 and 3 together to make 8). These five 
children seemed to have abstracted the input numbers f ive and 
three from .the pictures of b^ds on cards inserted into the 
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machine; They performed a mental addition (interior ized action) 
and compared their results with the output numeral "8% which 
was also abstracted from the pictures of birds on a card drawn 
from the machine; We hypothesize that these five children had 
an operative concept of addition. The children succeeded to 
transform what appeared to be a transfer of pictures on two 
cards onto a single card into a situation that involved mental 
addition of numbers. They did lot simply attempt to imitate the 
action they believed the machine carried out. 

On the other hand , the remaining three children did riot 
make any numerical transformation. They focused their attention 
• on 'the pictures of birds as input and output f arid attempted to 
describe the possible action they believed the machine to have 
carried out. Their descriptions of the operation were "take 
away ... put them on here" and "makes more numbers". Thus they 
attempted to imitate or present a mental imagery of what might 
have taken place inside the machine. They did not attempt to 
transform the perceived situation. We hypothesize that these 
three children had a figurative concept of addition. 
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Repr esen tations of Adding Scheme s 

Four representations of children's adding schemes that 
reflect their addition concepts have been identified . The 
representations, Al , A2 , A3 , and A4 (see Figures 6 th rough 9) 
were observe'd in the context of children solving simple 
addition, and missing addend (first or second) problems (see* 
Tables 1 and 2) . A basic scheme for solving an addition problem 



- 31 - ' 

34 



underlies -each of the four representations; Also brie or more 
specific schemes have been identified with each representation. 



Insert Figures 6 through 9 about here 



fie p r e sentation Al 

The basic scheme underlying this representation is 
referred to as Counting All, In this representation (see Figure 
6) the child counts a collection of items starting from one 
•till she utters the number v/or d for one addend. The child then 
counts a second collection of items starting from one again 
till she utters the number word for the second addend. Next, j 
the child might bring all the items in the two collections 
together to make' a single collection as shown in the diagram 
after the arrow in Figure 6(a), and then counts the items 
starting from one. Alternatively, the child may leave the two 
collections where she initially established them, arid count all 
the items starting from one by making an enactive bridge from 
one collection to the other as shown in the diagram after the 
arrow in Figure 6(b). The child takes the last number word she 
utters as the answer . Since the items used to establish the two 
collections wil 1 be recounted they must necessarily be 
perceptual in order to leave permanent records for the 
recounting. The following are the two specific schemes that 
have been identified with this representation. 

i 
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1. Cou nting Ail In Joined Collections . In this scheme (see 
tigure 6(a)) the child physically combines the items in the two 
collections to form a single collection* arid then proceeds to 
.count ail the items, starting from one. For example, asked to 
solve "2 + 5", and directed to use blocks, Hendry counted two 
blocks and then five more in a separate location. Next, he took 
the two blocks and added them to the five others and then 
counted all the blocks uttering "1,2,3 . .. 7" in synchrony with 
touching the. blocks. 

2. Counting All In S e pa rated G el 1 ections. In this scheme (see 
Figure 6(b)) the child keeps the two collections in their 

•separate locations , disregards the physical separation, and 

counts all the items by making an enactive bridge from one 

collection to the other. For example, Monica solved "6 + 8" by 

first counting 6 blocks, placed them in a row, and then counted 

8 mor q blocks in another row below the 6 blocks . She then 

* recounted all the blocks without, first* combining them into a 

single row. 

Represe ntation ft2 

The basic scheme underlying this representation is 

referred to as Counting From 1. In this representation (see 

Figure 7) the child starts to utter number words from one, arid 
• - - 

continues till she utters the number word for one of the 

addends. The child may or may not keep tr^ck of her counting 

acts up to this point. But the child then makes a separation in 

her counting activity, and continues to utter number words 

forwward while' keeping track of the counting acts by extending 

fingers or . touching objects. The child* stops uttering number 
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words when the number (from the child's point of view) of Items 
used as records equals the second (other) addend, or when the 
child utters the number word for the sum (if solving a 
missing-addend problem) . The child takes the last number word 
uttered as the answer f or the number of recorded items as *::h e 
ansv/er (if solving a missing-addend problem) . The following; are 
the three specific schemes identified with this scheme. 
1*. Counting Perceptual Unit Items From 1 . In order to 'use this 
scheme correctly, -the child should sequentially touch obj ects 
or her fingers in synchrony with uttering number words from 
one.. The child would stop counting appropriately if she made a 
separation "after uttering the number word for the f irst 
(selected) addend and recognized a spatial pattern that 
corresponded to the second addend . The two children who 
attempted to use this scheme both failed to make separations or 
use spatial patterns. For example, Hendry (6yr. 9mo) , a counter 
of perceptual unit items, sequentially touched all his fingers 
till he ran out in synchrony with uttering "1,2,3 ... 10", in 
an attempt to solve "3 + 4 h . Similarly, Monica (8yr. 5mo. ) , a 
counter of motor unit items, realized she needed more than her 
16 fingers to solve "7 +. 8 " . But when the interviewer suggested 
she could use some of his fingers, Moni ca simply counted all 
the 20 fingers, her 10 fingers as well as those of the 
interviewer 'e. Moni ca nodded in agreement when the interviewer 
asked if she was sure of the answer . 

2 , Counting Motor Bnit Items From 1 . In this scheme the 'child 
counts her motor acts beginning to utter number wor ds f rom 1 
ti 11 she utters the number word for the f irst (selected) 



addend. The child then continues to utter the succeeding number 
words ih synchrony with producing motor acts equal to the 



second addend. The difficulty with this scheme is the need to 



keep track of the counting acts for the second addend. Children 
use finger patterns to enable them to overcome this difficulty. 
It is important for the child . to make a visual or physical 
separation between it-ems representing the two addends. For 
example, Paris (8yr. 4moJ f a counter of abstract unit items, 
failed to make a separation when solving "7 + 8". He extended 
18 fingers while uttering "1,2,3 ... 7-8,9,10 ... 18". Even 
though Paris paused after 7 before resuming counting, he 
appeared to have counted 8 more fingers after he had used all 
his 10 fingers. This accounted for why Paris stopped counting 
after uttering "IB" and seeing a pattern of his 8 extended 
fingers. Paris had no difficulty in using this scheme to solve 
"4 + 10". There was a natural separation after counting his 10 
extended fingers so he easily extended four more and stopped, 
3. Counting. Verb al Uni totems F pqjii J, . In. this scheme the child 
utters the number word sequence from 1 till she utters the 
number word for the first (selected) addend. The child then 
pauses momentarily before continuing to utter succeeding number 
words. The child may rely on the rythmic pattern in the 
utterances of* the number words corresponding to the second 
addend in or,der to know when to stop. Shani ( 7 y r . Imo. ) , a 
counter of verbal unit items, recalled "11" after few seconds 
in answer to' "3 + 8". Asked to pre'tend to explain how she 
solved the problem to her friend, Shani replied, 
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"I would say* 1*2*3 ... 8. Because that is the hard 
one, 9*10*11" (emphasizing "11") . 

Shani deliberately decided first to Utter the number words from 

brie through eight, because she foresaw it was going to be 

difficult for her to keep track if she began with the number 

words front one to three. The raising of her voice to emphasize 

"11" and the fact that she stopped uttering number words 

indicate her awareness of having counted three more. Shani 

confirmed her inability to keep track of longer number- word 

utterances by refusing to attempt "7 + 8 n . She complained, "I 

can't do 7 and 8 because that is a long one. I can do 7 and 2". 

Represe ntation A3, 

The basic scheme underlying this representation is 

referred to as Counting On; In this representation {see Figure 

8) the child utters the number word for one given addend, and 

then continues to utter the succeeding forward number words. The 

child "keeps track of her number word utterances mentally or by 

extending fingers or by using objects as records. To solve an 

addition problem, the child stops uttering number words when 

the number of items used as records is the same as the other 

given addend. The child then takes the last number word uttered 

as the answer. To solve a missing-addend problem, the child 

stops uttering number words when she utters the number word for 

the given .sum; The child then takes the number of items 

recorded as the answer. The following are the five specific 

schemes that have been identified with this representation. 
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1. Counting O n-Using Eg jcj etna LJ Un iX items; When the child 
intentionally counts on, using perceptual items, especially 
objects other than her fingers, then we say the child is 
employing the Counting On-Using Perceptual Unit Items scheme. 
For . example, to solve M 30 + 13 , Valerie (7yr . 3mo. ) , a counter 
of abstract unit items, spontaneously asked for blocks to 
count v After establishing two separate collections of 30 and 13 
blocks, Valerie touched the collection of 30 blocks once and 
said, "30". She then continued to count the other 13 blocks by 
uttering "31,32,33 ... 43" in synchrony with touching the 
blocks. When she was done, she said, " that's 43". Valerie's 

•action indicated that she intended to count on from 30. This 
observation is supported by the fact that she had counted on, 
using motor unit items in the preceding task , "7 + 8". But she 
needed to count from one before she could construct the 
numerical structure, 30. After counting 30 blocks she knew 
* there were 30 individual blocks so .she made an integration of 
her previous counting acts when she repeated "30". We 
hypothesize that Valerie could not, however, make a tacit 
integration of 30 counting acts as she succeeded to make for 
eight counting acts to solve "7 +8". 

2. Co unting On-Usina Mot or Unit items. When a child relies on 
her motor acts to count on, we say that the child is using the 
Counting On-Using Motor Unit .Items scheme, Cullen (6yr. 9mb.) r 
a counter of* abstract unit items, solved the missing addend 

task, "34 + == 44" by sequentially extending her fingers in 

synchrony with' uttering, "35,36,37 ... 44". She then said, "10" 
while looking at her open two hands. Cullen ' s intention was to 

- 37 - ' 

ERIC 



count her .motor acts of putting up f ihgers; When she was done 
she did not know how many number words she had uttered; until 
she saw her 10 fingers all extended. We infer that Gulleri 
counted on using motor unit items rather than verbal unit 
iteijis. This does not exclude the fact that she could have 
constructed abstract units from her motor acts. 

3. Counting On-Using Verbal Un it Item s. In order to count on 
using verbal unit items without i:?ing finger movements to keep 
track of how many number words have been uttered, the child 
resorts to the use of rythmic (temporal) patterns, Jeff ( 8yr . 

5 mo." ) , a counter of abstract unit items, used a temporal 
•pattern of two number words followed by a string of five number 
words to solve "7 + 8". He uttered "8-9,10-11 ,12, 13,14,15". 
The break in his utterances after "10" enabled him to mentally 
keep track of the next fi\e number words. On other occasions 
when children were observed to count bh addends greater than 
seven, their number word utterances were accompanied by finger 
movements. In some cases the children used their fingers 
subtly^ say/ by pressing them on their thighs. 

4. Counting On-Using Aostract Unit Items . The counter of 
abstract Unit items if: capable of taking any sensory-motor unit 
as an abstract Unit (Steffe et al. , 1983, p. 67). When such a 
child clearly shows that she counted on to solve an addition 
problem but used none of the ^observable sensory-motor units, 
then she is classified as Counting On-Using Abstract Unit 
Items. For example, Jef •.' used abstract units to count on from 8 

to solve , "B + =•-■ 11" . He sat silently for about 10 \ 

seconds bei'ore saying the answer was "3". The following portion 



of hih protocol (I: interviewer - f J: Jeff) shows how he solved 
the problem: 

I: Can you tell me how you found but? 

J: I had 8 arid you had 3, and together makes 11. 

I: How did you. know I had 3? 

J : I counted them. 

I: What did you say when you counted? 
J: 8-9,10,11. 

Jeff had earlier in the same interview recalled immediately 
that "8 + 3" is "11". If he had related this addition .fact to 
the missing-addend problem then he would have used it to solve 
the task. But when Jeff was asked how he got "3" f he replied, 
"I counted them". We infer that Jeff counted as he claimed and 
'constructed three abstract units from the internalized counting 
acts, "9,10,11". 

5. Adding On By Tens Arid Ones . This scheme involves adding, 

first tens to one addend followed by adding ones. This scheme 

was U^ed to solve a missing-addend problem by John. He gave 

"34" as the answer to "10 + = 44" and explained as follows: 

"I aflded 3 tens to 10. That will be 40s And I 
added 4 to the 3 which gives you 34*. And you 
need 10 to make 44". 

John's explanation indicated that he added 3 tens to 10 to 

obtain 40. He immediately realized that he needed 4 more to 

make 44. So rather than continuing to obtain 44 after saying 

"40" , John went on to complete his goal of finding the missing 

addend. He .added 4 to 30 to obtain 34. John's use of "3" rather 

than "3 tens" or "30" reflects his strong reliance on place 

•value ideas .(see the Recalling Sums Using Place Value scheme 

below) . 



R eprese n tation A4 

The basic scheme underlying this representation of 
additon is referred to as Recalling Sums, In this 
representation (see Figure 9) the child searches for and finds 
an addition fact from memory that involves both or one addend 
and modifies it. As soon as two numbers in the recalled additon 
fact fit the given numbers in the problem, the third number is 
taken as the answer. The following are the four specific 
schemes that have. been identified with this representation. 

1. Recalling Sums Bv Guessing . This scheme involves the child 
recalling an addition fact immediately (about 2 seconds) after 
the problem was presented, with regard to. the representation 
shown in Figure 9 the child's action follows only the arrows 1 
and 4 without following arrows 2 and 3. That is, the child 
obtains the required sum without any intermediate partial sum. 
The child who is not "guessing" but has meaningfully habituated 
(Brownell, 1928) the addition fact should be able to explain 
her answer by using one of the al ready discussed schemes. 
Children who used this scheme and obtained wrong answers 
sometimes admitted that they guessed. Children also usually 
followed a wrongly guessed answer with other guesses . 

2, Recalling Sums Using Doubles . This scheme involves the 
child recalling an addition fact that is the double of one of 
the given cidjdends. The child then increases or decreases the 
"partial stun'* by a number that is the difference between the 
given addends to obtain -the requi red sum. To solve a missing 
-addend problem, the child increases or decreases the doubled 
addend by the difference between the given sum and the partial 
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sum to obtain the misssihg addend. For example, John (8yr. 

2mo.) , a counter of. abstract unit items, - solved "15 + = 

31" mentally and explained his solution as "Fifteen plus 15 is 
3 °' and you necd one more to make 31". John constructed the 
missing addend from 15 and one. He obtained 15 as part' of the 
■ miSSing addend ( thg interviewer's input humeral which John 
did not see) by recalling the' doubles fact "15 + 15 = 30 ". ' He 
then realized the partial sum, 30 had to be increased. by 1 to 
obtain the given sum, 31. So he also increased 15 by" 1 to 
obtain 16 as the missing addend. 

3 ' ^g-^Mng_£unis TO A Pecadg. In this scheme the child 
recalls an addition fact that involves adding a number to the 
larger addend to yield the next decade. The child then 
increases the decade by the difference between the other addend 
and the number added to the larger addend. The answer is the 
final sum obtained. To solve a missing-addend problem, the 
child increases or decreases the given addend to obtain the 
next or the preceding decade respectively. The child then adds 
the increment to or subtracts the decrement from the difference 
between the given sum and the decade to obtain the missing 

addend. For example, to sovle "15 + = 31", John sat for 

some time and said, "You put in 16". His explained his answer 
as follows: 

!'n' 0 L? lready h ?X e L 5 and - y° u add 5 makes 2D, and 
1G more makes 30. That's 15 and 1 more is 16"* 

We infer that John intended to add numbers to 15 till he got 

the decade nearest 31, that is, 30/ He therefore added five to 

15 to get the decade, 20 and then added .10 more to get the 
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decade* 30. John kept track of the numbers he added to 15* and 
realized that he had used 15, He heeded one more to make 31 so he 
added it to 15 to get 16, since his goal was to find how many he 
should add to 15 to get 31. 

4. Recalling Sum s Ugjj,ng P J.ac e Valu e . This scheme involves the 
child recalling the sum for the numbers in the tens and ones 
places separately arid coor dina ting the two sums to form the 
appropriate number. If the sum of the numbers in the ones place is 
greater or equal to ten, the sum obtained for the numbers in the 
tens place is increased by one (or one ten) . For example, John 
explained his answer to "13 + 15" as, "the 3 and 5 gives you 8, 
and 1 plus 1 is 2 . So it must be "28". We infer that John was 
aware that he was adding tens when he said, "1 plus 1 is 2". So he 
mentally converted the two tens into 20 and coordinated the eight 
ones with it to obtain 28. 

Subtraction Concepts 
The children's knowledge of subtraction' as an operation was 
revealed in their responses for describing or characterizing a 
subtraction imagined to go on inside the function machine {see 
Figure 5(b)). Table 8 shows the observed children's 
characterizations of subtraction. Hendry arid Sharii described the 



Insert Table 8 about here 

• _ _ __■____ _ ____ ____•__ _ _ « 

operation as "make less" and "changed it from six to four " 

respectively. Monica's description was, "it took two away" i 

(pointing with her finger to show the two empty spots on the 
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output card). These three children's descriptions suggested that 
they attempted to describe the physical action that they imagined 
the machine to perform on the inputs (pictures of animals oil 
cards). There was no effort to transform the situation into a 
numerical operation that could be carried out mentally. However, 
Hendry and Shani later selected "take away" from the suggestion, 
"did the machine add, subtract", or take away"? We infer that these 
three children had a figurative concept of subtraction. 

Cullen, Jeff, Paris, and Valerie described the subtraction 
they imagined to go on in the machine as "take away". John was 
the only child to use the "mathematical" term "subtract" to 
describe the operations These five children's description 
involved the mental action of taking away or subtracting two from 
six. Their responses indicated that they transformed the 
collections of animals into numerical structures and operated on 
the numbers mentally. We infer that the five children had an 
operative concept of subtraction. 

Six representations c r children's subtracting schemes that 
reflect their subtraction concepts have been identified. The 
representations, SI, S2 , S3, S4 , S5 , and S6 (see Figures 10 
through 15) were observed in the context of children solving 

* Insert Figures 10 through 15 
about here 



direct subtraction, missing-subtrahend, missing-minuend, 
comparison-more, comparison-less, equalizing-add, arid 
equalizing-take away problems (see Tables 3 through 6). A basic 
scheme for solving a subtraction problem underlies each of the six 
representations. But one or more specific schemes have been 
i-ndentifiod with each representation which reflect the integration 
of counting unit items in the children's schemes for subtracting. 
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ii^ce_s^D±a_tJ^n_Jil 

The basic Scheme underlying this representation of 
subtraction is referred to as Se^tJLiig. m this representation 
(see Figure 10) the child counts perceptual items to construct a 
collection equal to the larger given number in a problem. The 
child then separates and counts items equal to the smaller given 
number to establish a new collection. Finally, the child counts 
the remaining items- of the first collection and takes the last 
number word she utters as the answer, Only perceptual items which 
can leave permanent records for the second and third counting 
activities, could be used with this scheme, The specific scheme 
for this representation is, therefore, referred to as SfigMating, 
The following illustrates how Sharii, a counter of verbal unit 
items, used this scheme to solve "9 - 5". 

ni h ^L S ^ Uentia i ly took ' 9 blocks from, a box and 
Placed them in her hand, while uttering "1,2,3 - o« 

separ a ated g ? d hi h f e ., bl ' ,CkS '\ a row ' and sequentially ' 
separated 5 blocks in synchrony with Uttiring 
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"1,2 r 3 f 4 f 5" . Next she counted the remaining 4 
blocks by subvocalizing number words arid said, "4" 
{with emphasis) • 

Shani transformed the' task into "how many blocks will be left 
front nine if she took away five"? This is indicated by her 
subvocalizing the counting acts for the blocks left. She was only 
interested in the Istst number word so she emphasized it to signify 
that she was done; 

Representation S2 . ; 

The basic scheme underlying this representation of 
subtraction is referred to as Adding All. In this representation 
(see Figure 11) the child counts perceptual /terns to construct two 
collections equal to the given numbers in the problem. The child 
then recounts all the items- in the two collections by making an 
enactive bridge from one collection to the other or by firsts 
joining the collections to form a new single collection. The 
specific scheme identified with this representation is referred to 
as Adding All, This was similar to the Counting All In Separated 
Collections identified as an adding scheme, but the analogue of 
the Counting All In Joined Collections scheme was not identified 
in the study. The following is part of a protocol which s:. ' how 

Monica used this scheme tro solve " -2 = 4", presented with 

blocks in sandwich bags. 

I : So how many did I put in? (The interviewer had put 

in • the minuend without showing it' to Monica) . 
M : 3 (Cuesses ) , 

I : How are you going to f ind out ? 
M : Count on my fingers . 
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I: Can you do so? 

M: (Sirriul tahebusiy extends two fingers on her fight hand • 
and four fingers on her left hand) • 1, 2, 3 . _. . 6, 
in synchrony with folding down her extended fingers. 

After guessing "3", Monica reorganized her thinking, and perhaps 
recalled how the interviewer had previously guided her to solve a 

similar task " - 3 = 5". She established the two collections 

for "2" and "4" simultaneously" and then counted aii extended 
fingers. Monica did not juxtapose the extended fingers bh both 
hands before counting. 
Representation S3 

•The basic scheme underlying this representation o£ 
subtraction is referred to as Trial ftnd Error . In this 
representation (see Figure 12) the child constructs a collection 
equal to the larger number. The child then guesses the answer to 
the problem and separates items equal to this number, and counts 
the remaining items. If the last number word uttered is not equal 
to the nailer given number, the child increases or decreases the 
guessed number and repeats the separating action. The child 
continues to modify the guessed number until the remaining items 
after separating some items, equal the smaller number. T^he child 
takes the last number word uttered in the final counting activity 
as the answer . The specific scheme for th is representation is 
referred to as the Trial And Error Separating . The following 
il lustr ates how Cullen used this scheme to^ solve "13 - = 9 W . 

Cullen counted 13 blocks and made rhem into a heap. 
She then separated 6 blocks, counted the remaining 
blocks, and found tt) ere were 7- left rather than 9 ^ 
She recombined the blocks, separated 5 blocks , and 
counted the remaining 9 blocks. She answered, "5". 
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When Cullen found that there were seven blocks left, she realized 
that the separated blocks were two more than she wanted. So she 
decreased seven by two and separated five blocks. Had Cullen 
known that five was the answer, she would have uttered it 
immediately . But her scheme required that she checked to see that 
nine blocks were lef t . Hence her need to perform the second 
separation of blocks and count the remaining blocks . 
Representation S4 

The basic scheme underlying this representation is referred 
to as Counting Up. This scheme is similar to the Counting On 
scheme for addition. In the representation (see Figure 13) for 
this scheme, the child utters the number word for the smaller or 
any given number, and then continues to utter succeeding' forward 
number words. The child keeps track of her number word utterances 
mentally or by using fingers or objects as t records. The child 
miqht cb.Uht up to the other given number, and take the number of 
cbunting acts recorded as the answer. The child might also count 
Up as many times as. the second given number, and take the last 
number word as the. answer. The four specific schemes identified 
with this representation were as follows: 

1. Counting Up-Using Abstract Unit Items. 

2. Counting Up-Using Verbal Unit Items. 

3 . Counting Up-Using Motor Unit Items. 

4. Counting up-Using Perceptual Unit Items. 

The following illustrates the Counting Up-Using Motor Unit Items 

scheme to solve " -7=7". 

Valerie said', "It's like adding two sevens up* 
7-8 , 9 , 10 • . . 14", in synchrony with extending 
7 fihgerq. "Fourteen". 

- 47 - ' _ 

50 



Valerie intended to start at seven, then , extend arid count seven 
fingers. She also knew that the last number word will be the 
answer, so she repeated it, as soon as she was done. 
Representation S5 

The baste scheme underlying this representation is referred 
. to as Counting Down , In this representation (see Figure 14) , the 
child might begin by uttering number words backward f rom the" 
larger given number and proceeds counting to the smaller given 
number , keeping records of the number of counting acts. The child 
takes the number of counting acts recorded as the answer, and the 
scheme is referred to as Counting Down To . The child might also 
begin by uttering number words backward and stop after recording 
as many counting acts as the smaller given number. The- last number 
word is taken by the child as the answer, arid the scheme is 
referred to as Counting Down With. The six specif ic schemes 
identified were as follows : 

1. Counting Down To-Usiny Verbal Unit Items. 

2. Counting Down To-Using Motor Unit Items. 

3. Counting Down To-Using Perceptual Unit Items. 

4. Counting Down With-Using Verbal Unit Itemsi 

5. Counting Down With-Using Motor Unit Itemsi 

6. Counting Down Wi'th-Using Perceptual Unit Items. 

To solve "13 - = 9", Jeff uttered "13-12,11-10-9", and 

answered, "3 - 4" , without any finger movements . We infer that 
Jeff used the* Counting Down To-Using Verbal Unit Items scheme. 
Our hypothesis is supported by the fact tiat Jeff paused after 11, 
and after 10 . These pauses enabled him to keep track of his number 
word utterances. 
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The following illustrates how Paris used the Counting Down 
With-Using Perceptual Unit Items to solve "18 - 7". 

Paris uttered "18-17 ^6-15-13 __ in synchrony with 
folding all. his left fingers. He stopped, counted 
the folded fingers, and continued "12-10", and 
folded two moire fingers. Paris then answered, "10". 

Paris intended to count backward seven times, by creating seven 
perceptual items. He did not maintain a mental count of his 
folded fingers so he interrupted the counting activity to find 
out. The pauses in his counting acts was the effect of his poor 
backward number word sequence. Our hypothesis is supported by 
Paris' ommission of "14" and "11". Also, Paris did not count the 
motor* acts of folding fingers, because he did not look for finger 
patterns. 
Representation S6 

The basic scheme underlying this representation is referred 
to as Recalling Number Facts . In this representation (see Figure 
15) the child recalls number facts from memory until she recalls 
an addition or a subtraction fact that involves two of the given 
numbers in the problem. The child then takes the third number as 
the answer. The following are the five specific schemes of the 
representation. 

i. Recalling Result By Guessing . This scheme is similar to the • 
Recalling Sum By Guessing scheme for adding. But in this ease, 
the recalled number fact can be an addition or a subtraction. The 
child who use's this scheme, with understanding, should be able to 
explain how his answer could be obtained by using one of the other 
subtracting schemes or an adding scheme . For example, Paris 
solved "9 -6" by saying, "3" immedately after the problem was 
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presented; t He explained his answer by extending nine fingers^ 
folded down six fingers, held the three remaining fingers, arid 
saici* "three will be left"; 

2. Rec arl 3. in a Ad^ir t ion Fact. In this scheme the child recalls £ft 
addition fact that involves the two given numbers arid relates it 
to the problem. The child takes the third number, which was riot 
given, as the answer. This scheme follows the path given by the 
arrows 1 arid 6 in Figure 15. For example, to solve "how many more 
is 5 than 3% Valerie said, "2, because 2 and 3 is 5". We infer 
that Valerie recalled the addition fact "2 + 3 = 5", and related 
it to the given numbers in the problem. She then realized that 3 
3rid'5* were the given numbers, so she gave "2" as the answer. 

3 . Recalling Subtraction Fact . This scheme is similar to the 
Recalling Addition Fact scheme, but in this case, the child 
recalls and relates a subtraction fact to the given problem. For 
example, Jeff recalled the subtraction . fact , "5 - 2 ^ 3 M arid 

• related it to the problem " -2=3". His answer "5" was the 

number that was riot given in the problem; 

4. Recalling Number Fa cts Bv Trial and Error . In this scheme the 
child recalls successively, at least two Addition or Subtraction 
Facts that comes to his mind until the recalled number fact 
involves the two given numbers . The child then relates the number 
fact to the problem and takes the third number as the answer. The 
child uses this scheme when he does not know how to modify his 
first recalled number fact to make it involve the two given 

numbers. For example, to solve "24 - 12", John recalled the 

• ' _ _ • __ . .. • _. _ ... . • 

addition fact "14 + 12 « 26" . Ke realized it did not relate to 

the problem, that is the sum was not 24-. So he recalled "12 + 12 

- 56 - * 

53 

O ' 

ERIC 



= 24"; which related to the problem, and took "12" as the answer . 
John's explanation for making a second recall was that, * "I used 14 
and 12 r and got 26, but that didn't work, so I tried 12 plus 12 
and that worked' 1 . We inter that John was not aware that if he 
added 12 and 12 he will get 24 until he recalled the number fact 
"12 + 12 = 24''. Also, John did not realize that decreasing either 
14 or 26 by two will give the correct result, John's explanation 
indicated that he was merely trying another number fact to see if 
"that will work". ~ 
5. Recalling Deriv e d Facts . In this scheme the child recalls an 
addition or a subtraction fact that involves at most one of the 
gi v6n numbers. The child then modifies (increases or decreases}* 
the numbers until he obtains a number fact that involves the two 
given numbers. The child takes the third number f not given f as 
the answer. For example to solve "14 - ----- - 7", John said, "7 

and 6 is 13 and 1 more is 14" , and answered, "7". John's first 
• recalled addition fact, "7 + 6 = 13" involved only one given 
number. So he knew he was not done. John, therefore, increased 
the sum by 1 and mentally increased 6 also' by 1. This led him to 
recall the number fact, "7 + 7 = 14", so John took "7" as the 
answer. 
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DISCUSSION rf ■ 

Adding -Sc heme s 

Pi age t (1970a) ideriti f ied four fundamental 

characteristics of an operation: 

First . .. an operation is an action that can be 
internalized; that is , it can be carried out in 
thought as well as executed materially* Second,, 
it is a reversible action ...Third. ..it always ; 
supposes some conservation, some invariant ... 
fourth ... (an) operation is related to a system of 
operations, or to a total structure (pp. 21-22). 

Simply put, an operation is an internalized and reversible 

action that is invariant and is embedded in a system governed 

by rules. Addition satisfies these four characteristics with 

subtraction as its reversal and with the system of the whole 

numbers as the underpinning structure. The adding schemes that 

have Ijeen identified and which involve counting, that is, 

Counting All, Counting From 1, and Counting On reflect the 

material execution rather than the internalized action of 

addition. In other words, even though these schemes are based 

on mental re-presentations of abstractions from previous 

experiences, they are actions that have not been completely 

internalized. The activities of uttering number words and 

creating unit items (perceptual, motor, verbal) form an 

integral part of the child's means for executing the action of. 

adding. On the other hand, the non- vocalized schemes, that is, 

Recalling Sums and Counting On-Using Abstract Unit Items are 

_.._».. _. _ .. 

completely internalized actions. 

Steffe et al. (1983) characterized children's counting 

schemes for adding as extensions . These extensions were 
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identified mainly in the context of children solving tasks 
involving partially or totally hidden collections. The adding 
schemes that have been identified in this study with children 
solving tasks presented mainly in the context of the function 
machine are consistent with the extensions identified by Steffe 
et al. (1983). This supports the view that the addding schemes 
arid especially the counting unit types {counting perceptual', 
motor, verbal, or abstract unit items) are normal constructions 
by children as they acquire numerical concepts. That is, the 
counting types are riot constrained to the singular context of 
having children count partially and totally hidden collections. 
•These same schemes can be observed in totally different 
contexts. 

Dev^ opi r.erita 3 ^H L e v e ls irW^ddirig Schemes 

Counting All . This scheme was identified as the lowest level 
of children's representation of addition. This was the only 

scheme Hendry (6yr. 9 inc. ) and Monica (8yr. mo.) , counters of 

_ v _ _ a _ _ _ _ 

perceptual and motor unit items respectively, used correctly to 

solve addition problems. Paris (8yr. 4mo.)r a counter of 

abstract unit items used this scheme , but it was prompted by a 

suggestion from the interviewer to use blocks after failing 

several attempts to count on to solve "30 + 13 "^probably due 

to his faulty number word sequence beyond "30") . Valerie (7yr. 

3mo. ) , a counter of abstract unit items ajso used some^rts of 

this schemer but because she counted on from 30 after 

establishing two collections for "30" and "13", her scheme was 

classified as Counting On-Using Perceptual Unit Items. 
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The .Counting All scheme requires three counting sequences 
(see Figure 6). But even the Counting All In Separated 
Collections scheme cannot, be considered as an example of Steffe 
et al.'s (1983) simple extension. Because the child's intention 
is to count a single collection just as in the Counting All In 
Joined Collections scheme. The only advance is that the child 
realizes before counting that* the physical separation be tw e'en 
the two collections can be ignored. The activity part of this 
scheme is included in Houlihan and Ginsbu r g 1 s (1981) Counting 
From 1 using concrete aids. Carpenter (1983b) and Hiebert et 
al; (1982) also classified their Counting Ail strategy as the 
.lowest strategy children use to model addition. 

Counting pr - em ± m This scheme was identified as ah advance over 
the Counti ng All scheme for two reasons. Firsts the Counting 
From 1 scheme included the ability to count verbal unit items 
which the children who were limited to the Use of the Counting 
All scheme lacked. Second, the children who used the Counting 
From 1 scheme solved a wider range of problems than those who 
used on] y the Counting All scheme . 

Shani (7yr. Imo.j, a counter of verbal unit items, used 
the Counting From 1 scheme to solve nearly all her addition 
tasks, including missing-addend tasks. Paris was the only 
counter of abstract unit items who used this scheme. Monica, a 
counter of motor unit items, used the Counting Perceptual Unit 
Items From 1' scheme. But her solutions were incorrect because 
of her failure to make separations in the counting acts in 
order to keep track of the addends , especially the second. 
Monica usually used her motor acts of finger extensions to 
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establish two collections to represent the addends on separate 
hands, she then recounted the fingers as perceptual items, 
Monica's scheme was identified as Counting All, because Monica 
cnuld not count her motor acts to establish a single collection 
tl}.at included both addends, Hendry also failed to use the 
Counting Perceptual Items From 1 scheme cor rectly - f because , 
like Monica, he also f ail ed to make separations in the counting 
activity, - 

Some r eseachers do not distinguish between thqj^coun ting 
acti v ity ("response ") in the Counting From 1 and the Counting 
All schemes . Carpenter (1983b) and Hiebert et als (1982 ) 
identi f ied only Counting, All , and Houli han and Ginsburg (1981 ) 
ident i f ied only Counting From 1 us ing or not using concrete 
aids. The latter included "counting in which the child claims 
to have just counted numbers " (p. 99) . We also observed this 
situati on but we did not i denti fy this as Counting Abstract 
Unit Items From 1 scheme (see Table 9) . First, counting 
abstract unit- items was only attributed to children classified 
as counters of abstract nit items and therefore able to 
consturct a numerical str ucture (cf. Steffe et al., 1983 , p. 
68) . Second, counters of abstract unit items when counting 
mentally are li kely to count on than count f rom 1. Counters of 
verbal and motor unit items did perf r.'rm- mental addition but 
their explanations indicated that they re-presented to 
themselves, spatial or figural pa.t terns or imagined counting 
acts which they then mentally monitored and counted (cf . the 

example given below of how Shani solved "5 + = 7"). Our 

claim is consistent with Houlihan and Ginsbu r g 1 s (1981 ) repor t 

58 



that "the child claims to ase some kind of mental picture such 
as dots or lines*' (p. 99). Thais bur definition of Counting 
Per cepcaai , Motor, or Verbal Unit items From 1 includes the 
counting of the ire-presentations of counting activity using 
these unit items* However f we hypothesize that when a counter 
of abstract uni t items r e~pr esent a sensory-motor item to 
herself, the child constitutes, the item as an abstract unit. 

The Counting Verbal or Motor Urti t Items From 1 schemes 
are classified by Steffe *t al. as intuitive extension and the 
Counting Per ceptual Unit Items From 1 scheme is called simple 
extension. 

Counting O n. Thi s scheme was i denti f ied as the second highest 
level of the obse rved children's representation of addition. 
Cullen (6yr. 9mo. ) and Jeff ( 8yr . 5 mo. ) as well as Paris and 
Valerie, all counters of abstract unit items used mainly the 
Counting On scheme . Cullen, Jeff, and Valerie used four out of 
the five Counting On schemes (see Table 9) . Paris gave no 
indication that he could count on, using abstract unit items 
(than is; count on mentally and respond correctly to the 
problem) . He always had to verbalize his thoughts after sitting 
quietly for a long time before he produced correct responses . 

The only occasion Shani could be classified as using the 

Counting On scheme was when she solved "5 + ; = 7". But the 

evidence i's suspect because Shani initial!^ guessed "13", "9% 
"11" and "10" as answers in that order and then said, "2 more". 
Her explanation w .s, "My mind said 6 and 7 so I said 2 more". 
Shani 1 s actions indicated that she first attem pted to add 
mentally 5 more to 7 . Her incor rect responses indicated her 



inability to count on correctly beyond 7 by 5 more. The most 
plausible interpretation is that Shafii did noc count on but 
ire-presented the counting acts, "1,2,3 . .. 7" to herself but 
billy vocalized th§ part of the counting acts, K S,7" to show how 
she figured out the answer. This interpretation is consistent 
with the Counting From 1 scheme she used frequently. Monica and 
Hendry also gave no indication that they could use the Counting 
On scheme.^ 

Houlihan and Ginsburg (1981) Identified two strategies of 
the Counting On. They included the use of fingers in the 
Counting On-Using Concrete Aid strategy. We distinguish between 
the use of fingers as perceptual and motor items, and 
identified these two uses with separate schemes . Carpenter 
(1983b) and Hiebert et al. (1982) identified two strategies, 
Counting On From First (smaller) Number and Counting On From 
Larger Number, which focus on the addends in the problems 
rather than the qualitative differences in the items used for 
counting on. We did not always make the first addend smaller 
and the children usually counted on from the larger addend. One 
child, Cullen even asked in her first interview, "Can I start 
with 45", when solving "16 + 45". This indicated some children, 
might count on consistently from the first (smaller) addend 

because they are riot sure it is permissible to reverse the 

• . . . _ ._ 

order of the addends . Cullen' s question indicated that she was 

aware that the results would be the same when she reversed the 

addends , but she did not know that she would be allowed to do 

so . 



Steffe et al. (1983) restricted the scheme, numerical 
extension , to the counting on scheme when the child constructs 
a numerical structure during the prqcess of counting. All the 
children in the study who counted on also used the scheme to 
solve missing-addend problems that involved an addend at least 
greater than 10 (see Table 10) thus these children could 
construct nume r i cal extension schemes. 

Recalling Sums . This scheme was identi f ied as the highest 
level of representation of addition by the children in the 
study. This is consistent with the findings of Carpenter 
(1983b). Steffe et al. (1983) did not elaborate on children's 
use of this scheme but only counters of abstract unit items 
were identified with the use of this scheme. For example, 
Christopher used what we call Recalling Sums Using Doubles and 

Recalling Sums To A Decade to solve "7 + 5" arid "6 + = 10". 

(pp. 106-107). Table 9 shows that one child, John (8yr . 2mo. ) , 
a counter of abstract Unit items, answered nearly all problems 
presented to him by Recalling Sums. His answers clearly 
indicated that he could recall many addition facts from memory. 
His only use of the Counting On scheme was when he added on by 

tens and ones to solve "10 + = 44". But he showed he could 

ount on in a problem situation when he. solved how many were in 
a known hidden collection and an unspecified number of visible 
items. This problem was similar to that used by Steffe et ai. 
(1983) , and it was used in the determination of his counting 
unit type. 

Bi 
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Recalling sums using doubles or to a decade is 
contingent upon a child's ability to recall immediately the 
addition fact involving the doubles or the decade number. For 

example, John's use of the doubles fact to solve "15 + = 

31% depended on his immediate recall of "15 + 15 = 30". 
Cullen, Jeff , and Valerie also used the Recalling Sums scheme. 
But they all used only the Recalling Sums By Guessing scheme. 
That is , most of thei r recalls were made within two seconds 
after being presented with a problem. In addition none of their 
explanations for recalled responses included the use of the 
doubles fact nor the addition fact to a decade. They usually 
explained mental additions by counting on„ For example, Cullen 

immediately recalled "2 M as the answer to "5 + = 7", but 

explaining her solution, she said, "I counted in my mind, 
5-6,7". It was possible Cullen knew that "5 + 2" is "7" but her 
explanation was consistent with her dominant scheme, Counting 
On, for solving addition. 

Paris and Sharii also used only the Recalling Sums By 
Guessing scheme but they gave incorrect responses. However, 
Paris and Shani gave some correct recalls which were clearly 
(from later explanations.) the results of mental adding of ^ 
re-presented counting acts. Monica and Hendry also gave only 
incorrect guesses when they used the Recalling Sums scheme. 

We infer that children who had constructed the more 
soph i st i cated counting unit types , also constructed the higher 
level adding schemes . Thus Hendry,' the counter of perceptual 
unit items used only the lowest scheme, Counting All correctly. 
Monica, the counter of motor unit items was able to use in 

« 
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addition to the Counting All scheme, Separating scheme to solve 
a missing-addend task* The counter of verbal unit items used 
the next higher scheme. Counting From 1. Cuiien, Jeff, Paris, 
and Valerie, the counters of abstract unit items used the 
second highest level scheme , Counting On and also most of them 
correctly employed the Recalling Sums scheme . This is 
consistent with the finding by Carpenter (1983b) "that children 
initially solve (addition) problems with a Counting All 
strategy and: that this strategy gradually gives way to Counting 
On and the use of number facts (Recalling Sums)" (p. 23). The 
findings in this study are also consistent with Houlihan and 
•Ginsbu rg 1 s (1981), that second graders use counting on 
procedures more than first graders. But Cullen and Valerie who 
were first graders used more advanced schemes than Monica a 
second grader. Also some of the older children have not 
constructed the most advanced schemes ; For example, Monica was 
of the same age as Jeff but she used lower level schemes than 
Jeff and solved only a few mor e problems than Hendry, who was 
10 months younger . Anoth er significant finding was that Cullen, 
al though of the same age as Hendry, used higher level schemes 
and solved! nearly as many problems as did Jeff, who was 18 
months older . Also, John who was younger than both Jeff and 
Monica used the highest level schemes, and solved nearly all 
problems by i calling number .facrs • Another significant 
observation was that John , Jef f , and Monica were from the same 
second-grade classroom , just as Cullen and Hendry belonged to 
the same first-grade classroom . 
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Adding Schemes and Problem Types 

Table 10 shows that the children who used the most 
advanced adding schemes also solved all the three types of 
addition problems,, direct addition and missing-addends (first 
or second). The problems solved also involved larger addends. 



Insert Table 10 about he':e 



some between; 10 and 20 and others greater tha;i 20. Each child 
usually used his or her most advanced scheme ; ~o solve problems 
involving smaller addends and the least advanced scheme 
•{identified for that child) to solve problems with larger 
addends. This relation between schemes and problems was 
observed also within the specific schemes of the same 
representation. For example, Jeff used the Counting On-Using 
Abstract Unit Items scheme to solve problems with boch addends 
less than 10 but used the Counting On-Using Motor Uhj t Items 
scheme to solve those with one addend greater than 20. This 
indicated that £ child was more likely to use the most 
efficient scheme to solve a problem if she was capable of 
employing that scheme with confidence (minimum error). This 
finding compares favorably with the hypotheses of Briars and 
Lar kin (1982) that when alternative strategies are available a 
child will respond with the strategy that. results in the fewest 
counting procedures. But this hypothesis should be viewed as 
indicating the child's awareness of increased error in 
counting with larger addends, (cf . Shani's above remark that 
she started with 8 because "that is the hard one"); 
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There was a noticeable difference between the missing- 
addend problems solved by the children who used the Counting On 
and the Recalling Sums schemes correctly and those who did not. 
The former solved many missing-addend problems including those 
with addends greater than 20 or between 10 and 20. On the other 
hand, the children who Used the Counting From 1 and the 
Counting All schemes correctly, solved only a couple of 
missing-addend problems and none with addends greater than 10. 
The problems. for the latter children had to be repeated a 
number of times and presented in stages to emphasize the 
actions involved before the children succeeded to solve the 
.problems. Steffe et al . (1983) made similar observations about 
the performance of counters of perceptual, motor, arid- verbal 
unit items when presented with missing-addend problems. The 
difficulty experienced by the counters of sensory-motor items 
might be partly due to their intention to establish one 
• collection when solving tasks. Thus they do not decide before 
counting to keep track of their counting acts beyond the first 
(given) addend . Thei r success generally depends en the 
interviewer intervening, after the child has established a 
collection for the given addend, and repeating the remaining 
part of the problem. 
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Subt r a c t i ng S c tiejnes 



Subtraction is the inverse of addition; and therefore; it is 
an operation that can be performed mentally (internalized action) 
or executed materially as an observable action scheme. The 
subtracting schemes that have been identified and which involved 
counting, that is, Separating, * Adding All , Trial and Error 
Separating, Counting Up, and Counting Down schemes reflect 
observable, materially executed action schemes . On the other 
hand, the Recalling Number Facts and the Counting Up-Using 
Abstract Unit Items schemes identified reflect internalized 
actions for subtracting. 

developmental L evels in Subtracting Schemes 



children's subtraction concepts identified in the study. This 
scheme can be compared to Carpenter (1983b) , and Carpenter and 
Moser 1 s (1982 ) Separating From strategy. This was the only scheme 
that Hendry succeeded to construct , with guidance from the 
interviewer , His initial scheme for subtracting was to guess an 
answer and explain by counting fingers equal to that number. For 
example, to solve "5 - 2", Hendry said, "4" and explained by 
sequentially extending four fingers while uttering "1,2>3,4". : 

Five other children, Cullen, Monica , Paris, Shani, and 
Valerie al so used the Separating scheme (see Table 11 ) . Monica, 
Shani and VaTerie used only this scheme to solve di rect 

subtraction problems (e.g. 9 - 6 == ) ♦ This finding was 

significant in the case of Valerie , who was a counter of abstract 
unit items. : 




dtQJi. This was the lowest level of the representations of 
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Adding All . ;Thls scheme was identified as the next Higher level 
after the Separating scheme. It was applicable only for solving 
missing-minuend problems, Monica was the only counter of 
sensory-motor items to use this scheme , but this was only after 
she had been guided by the interviewer to solve similar problems 
by, seeing the subtrahend and the difference (parts) as contained 
in the missing-minnend (whole) . Culien and Paris were the onl'y 
counters of abstract unit items to use this scheme. 
Tria l and Error S eparating , This scheme was identified as a 
higher level representation than the Separating and Adding All 
schemes . The scheme was used by Cullen and Jeff, both counters of 
abstract unit items. Even though the scheme appeared simple (from 
the adult's view), the child who used it indicated some awareness 
of the subtrahend and the difference as parts of the minuend 

(whole). For example, to solve " I 5 = 4)" with this scheme , 

Jeff's intention was to construct a collection of eight items, 
separate five items (the subtrahend) and check if the remaining 
items will be four (the given difference). Thus when his first 
constructed collection of eight items failed ^.o leave the 
expected four items, Jeff added 1 item, formed a new collection, 
and repeated the process . 

Counting Up . This scheme was used on more occasions than the 
Counting Down scheme . Only the counters of abstract unit items 
used the scheme. This finding was consistent witn the failure of 
the counters of sensory-motor items to use the Counting On scheme 
to solve addition problems. This scheme was, therefore, 
identified as higher than the Trial and Error Separating, Adding 
All, and Separating schemes. The Counting Up-Using. Perceptual 
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Unit Items scheme can be compared to Carpenter arid Mdser's (1982) 
Adding 0n, with concrete objects strategy. Th£ latter 1 s Counting 
Up From Given strategy can be compared to the Counting Up-Using 
Verbal or Motor Unit Items scheme identified in the study. 
Countin g Down. We identified the Counting Down scheme at a higher 
level than the Counting Up scheme. The support for oul hypothesis 
is, first , Valerie Used the Counting Up scheme to solve a variety 
of problems (see Tables 12 and 131, but she never used the 
Counting Down scheme. Second, Cullen used the Counting Down 
scheme on only one occasion to solve "30 - 6". Third* hone of the 
counters of sensory-motor items was able to count backward* even 
with perceptual items f to solve a task. This finding was 
consistent with that by Steffe et ai. (1983) The latter* explained 
the inability of counters of sensory-motor items to count backward 
as follows: 

The .conceptual requirements for bp >arating items 
from a collection by coun tine, Lci> Kv:ard include the 
understanding that a number word that refers to a 
parti alar item of a collection also refers to those 
items yet to be counted (p. 102). 

The conceptual requirement for the child to use the Counting Down 

scheme rising motor or verbal unit items, includes the ability to 

use reversibility of counting. In other wor ds , the child must be 

aware that counting backward from, say 7 to 1 will involve the 

8 

same counting number words as when counting forward from 1 to 7 . 
Carpenter and Moser (1982) found that about half of the 
f i rst-gr aders in thei r study could not count backward a given 
number oi steps • This finding supports the hypothesis that 
first-graders are likely to experience difficulty in using 
reversibility .of counting. Our support for this hypothesis was 
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provider! by Cullen and Valerie, both f irst-gr aders > arid the drily 
counter:; of." abstract unit items w r *u hardly used the Counting Down 
scheme, besides John who used even higher level schemes. Carpenter 
and Moser (1982) also found that the Counting Down scheme was 
difficult for chij dren to use; 
fiebilJt ling Numb er Facts 

We identified the Recalling Number Facts scheme as the 
hicji_c_st 1 ovel of the representation of subtraction. Hendry, 
Monica , and Shani, counters of sensory-motor items, failed to use 
any recall of number facts to solve subtraction problems. Their 
guesses were in cor • ect and were followed by more guesses. Paris, 
Valerie, Ci:Jleri, arid Jeff used correctly at least two of the five 
Recalling Number Facts schemes (see Table 11) • The latter three 
used the Recalling Addition Fact and Recalling Subtraction Fact 
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schemes, in addi ti ion to the Recalling Result By Guessing scheme. 

These children succeeded to use only the Recalling Sum By Guessing 

to solve addition problems. Rut their recall of facts were no 

b ..ter for subtracting than for adding. This was not surprising, 

since the Recalling Addition and Subtraction Fact schemes were 

» _____ 

indirect recall of number facts. For example, when Jefif sol vedd "9 

- __ 4" by recalling "5 and 4 makes 9", he had to recall his 

own number fact and relate it to the problem. 

John use :i all the f ive Recalling Number Facts schemrs . He 

also did not use any scheme that involved counting. Subtraction 
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was completely ah internal! zed activity for John, just as it was 
for addition; 

The ability to use the Recalling Addition Fact to solve 
subtraction problems indicated that the child realised subtraction 
as the. inversion of addition. However, with the exception of John, 
the other four counters of abstract unit items did not use the 
Recalling Addition Fact lo solve direct subtraction problems (e.g. 
18 - 7 = ). Cullen and Jeff used the scht'ue ro so.!. • e missing- 
subtrahend problems, while Cullen, Paris, and v\u erie used the 
scheme to solve comparison-more problems (e.g, now many more i s 5 , 
the child's input than 3 , the interviewer's input) (see Table 
5(a)), Only Jeff used the scheme to solve equalizing-add problems 
(e.g. how many must the machine add to 5 to make 8) * Also only 
Vol rtie and John used the Recalling Subtraction Fact scheme. TT 
infer that direct subtraction problems trigger mainly counting in 
the four .counters of abstract unit items/ excluding John. In fact, 
as mentioned earlier, Valerie used only the Separating scheme to 
solve direct subtraction problems. 

Steffe et al P (1963) have pointed out that a child has to be 
able to partition a number (minuend) j.nto parts (subtrahend and 
difference) , make a reversal of the parts if necessary, anc 
coordinate this with reversibility of counting before realizing 
that subtraction is the inverse of addition. The subtraction 
problems Steffe et al. used to make the above inference were 
presented immediately after the related addition problems. For 

example, "19 - 12 = " was presented to Christopher immediately 

following "12 + 7 = " (see p. 108). We did not present related 

addition and subtraction problem*?, immediately following one 



another i Thus the children had rib recent counting activity to 

re-proscnt to themselves and reverse to make an inversion to solve 

direct subtraction problems. They night have done so if 

subtraction and addition had been completely internal ized, as it 

was tor John* Because they could then re-present and solve 

mentally the related addition problems and check to see if the sum 

was equal to the minuend. For example, to solve "24 - 12% John 

recalled tiii : addition fact "12 + 12 = 24% so he answered, %2% 

But John first tried "14 + 12" and realized that "14" could not be 

the answer, because the latter sum was 26 and not 24. The other 

four counters of abstract unit items would need to perform 

counting activities to find "14 + 12" and "12 + 12" before they 

could use their knowledge of inversion to answer the original 

problem f "24 - 12". But there was no need for these four chil dren 

to perfom two counting activities, when they could perform one 

counting .activity to t-Jtain the same result. We infer that these 

four counters of abstract unit items did not face the same 

situation with the other subtraction problems, henco their success 

in using the Recalling Addition Fact scheme, bur hypothesis is 

consistent with the inability of the counters of se nsory-inotor 

items to use the Recalling Addition Fact scheme to solve even the 

non-direct subtraction problems. Because the latter lacked the 
• 

ability to use the Recalling Sum by Guessing scheme cor r ect ly to 
solve addition problems. 
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Subt racting Schemes and Problem Typ es 

Hendry, Monica, arid Sharii, who were counters of perceptual, 
motor, and verbal unit items » respectively f used only the 
Separating scheme to solve all direct subtraction problems, 
Hendry- used only blocks to solve all his problems, which were also 
only direct subtract:*.) He, initially, used no correct scheme 
for subtracting uhfci"' M i e interviewer gu ided him to separate a 
^ collection of items representing the smaller number (subtrahend) 
from the collection of items representing the larger number 
(minuend) to solve some problems. 'V; ] ,r tw<, of the problems 
presented to Hendry involved n timore-l s on card as inputs, the rest 
were presented with blocks in sandwich bags as inputs, Hendry 
could not use his fingers to so] ve any problems in which' the 
mi nued was greater than five. 

Monica used the Separating schemr to solve also 
missing- sub t ■■. ihend and equalizing pr :. lems . She succeeded to use 
the Adding All scheme to solve missing-minuend problems only after 
so.mp initial guidance from the interviewer. But she showed rib 
under standing oi the rompar ison-mor e problem, "how many mor e is 
five tha-i three"? She said, "five is lesser than three", arid 
failed to solve the problem, despite the fact that she was made to 
look at her five extended fingers and three extended fingers of 
the interviewer. She, however , understood arid solved 
equal iz ing- take away and equalizing-add problems involving numbers 
less than 10 (see Tables 12 and 13) . ; 



Insert Tables 12 and 13 
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Sharii Used the Separating scheme to solve also the 
iilissirig-sUbtr ahend arid missirig-miriuerid problems. She used her 
fingers more than blocks to represent numbers in the problems. 
Unfortunately heir tape while solving comparison arid eqUalizirig 
problems could not be used due to trial f Urict i orii rig of the camera. 
She also missed school on two days make up days. : 

We infei that the counters of sensory motor items used only 
one scheme r Separating, to solve all types of subtraction 
problems. The use- cf the Adding All scheme By Monica was 
triggered, when 3he was guided to see that the subtrahend and 
difference comblnr to make the minuend. But this scheme is 
consistent with he*, scheme for addino, tisat is, Counting All. 

There was no siirple i ela cionship between the schemes and 
problem types for the cou.i:er: cf a'^^rrct unit items. However, 
individual children tended to use particular schemes for some 
problem types. For example, Valerie used only the Separating 
scheme and "^calling Result By Guessing schemes to solve ail 
direct subtraction problems. But these children tended to use the 
higher level schemes when the possiblity of error was minimal , 
that is, the difference was less than ID. For example, John used 
the Recalling Addition Fact scheme to solve "9 - = 4" but 

Used the Trial and Error addition to solve "24 - 12" arid "48 = 
24". Further support for bUr hypothesis was given by both Jeff and 
Paris who faided to use a higher level scheme to solve problems 
with larger differences. For example, Jeff solved correctly "13 - 

= 9" by using the Coun tirig Down To- Usirig Verbal Unit Items 

scheme, but failed to solve the very next problem "34 - =.20" 

with the same scheme. Similarly, Cullen and Valerie used the 
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Recalling Addition and Subtraction Fact schemes to solve 
missing-subtrahend problems when the minuend was less than 10 , but 
they used the Separating scheme for larger minuends . 

Cullen,. Jeff, Paris, and Valerie initially found the 
hissing-minuend problems difficult, so they used lower level 
schemes, but later used higher' lev^l schemes. For example, -Jeff, 
initially, used the Trial and Error Separating scheme to solve " 

-5=4", but later, he was able to solve " - 7 = 11" by 

using the Counting* Up-Using Verbal Unit Items scheme. 

■All the five counters of abstract unit items had no 
difficulty in understanding and solving comparison and equalizing 
problems. The children 1 s schemes for solving these problems were 
consistent with their schemes for adding and subtracting* For 
example, Valerie used the Counting Up arid Recalling Addition Fact 
to solve comparison-more and equal iz ing- add problems, but she used 
. the Separating scheme to solve the equal i z ing- take away problems. 
No child used the Counting Down scheme to solve comparison 
problems. Jeff's use of the Counting Down* scheme to solve 
"equali z ing-ta ke away problems was consistent with his use of the 
scheme for subtr acting . 
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Table 1 

Addition problems presented with the function machine 



j Input Nuitielal 


Output Numeral 


. First Addend 


Second Addend 


Sum 


A 

4 


z . 




z 






D 


9 


_ 


A 

H 


J 




3 


4 




D # 


3 




8 


3 


• 


3 


8 




5* 


6 * 




* 
4 






4 


1 U 




a. V 




- 


f «*• 
6 * 


Q * 
O 


- 


8. 


7 


— 


4 


±i 


— 


13 


15 


— 


23 


10 


— 


30 ' 


13 




34 


10 




23 


3D 




45 : 


16 




16 


45 





* Objects in a bag # Pictures on a card 



Table 2 ; 
Missing-Addend problems presented with the function machine 



Input Numeral 


uuipuL Nurneraj. 






First Addend 


Second Addend 


Sunt 

• 


2* 


. 




2 




7 


5 


- 


7 


5 


- 


8 


8 




11 


10 




YA 


13 




25 


15 


- 


31 


30 




A A 

4 4 


10 




44 : 


34 




44 




9 


13 




11 


15 




10 


24 




10 


44 



* Objects in a bag 
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Tabi . 3 

ibtractiori Problems Presented 'with the Function Machine 



-- - 

I nput 


— .... 

N timer a 1 


Output Numeral 


M l iiiiehd 


Sub trahchd 


Di f f ererice 






- 


(i 




- 


b 


i 

■4 




(i 


2-x 




(j 


? * 


- 


7 


3 


- 


S 


4 




8 


3* 


- 


K 


3 




8 
9 


7 


_ 

- 


i) 






y 


5 




«j 

13 


4 




14 


7 




18 


j i 




18 


7 




24 


12 




3D 

35 


(i 
10 




is 


24 









Legend: - child to figure out 

x blocks in sandwich bags 

* pictures of animals on cards 
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'lllKK'l!' 



h:t r:iiuMui :imi Mimioini ! ' r^bl cm*; Presented 
sc i * ii tin. 1 I'M no t i nn Mm c li i no 



ijjHU Nm ; 



■net 



)ut pu t Kim.' ■ ra 1 
f orence 



5 
S 
1 



l ! 

19 

20 



1* 



•ji i 1 d t o f i jMi ro nut 
» 1 n.- k s i n s;s rulw : c h h * 
• i t ■ j re o f n n i inn 1 s 



1 1 



8 0 
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Coinpnri son - More Problems presented with the 
Rmct i on Mnclii ne 



] nput 


Numern 1 


Out put 


:1m i id's 


Intcrv i ewer f s 




4 
1 « 


3 
9 
1:4 




i i 


7 




is 


9 




is 


(i 




1 2 


25 




2S 


1 3 





Ta!)j 



.(!>) 



Comparison - 



.ess V- .ms Presented wi t\ 
Tunc t 11 i ne 



input umer;;! ... 

♦'liild'i ! Interviewer's 



1 ^ 
IS 
! S 
1 S 

J 'i 



1 1 
) 

1 1 

L3 




'.ejjeitd: - Child to f igure o;*t 



S 1 
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1 e (> j 



I i i rij: - ALU I Prohleiiis P.res eh t e\l with the Function 

Maeh i he 
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I njiiit N'tiiiie r;i 1 



Ui ild's 



Liit e rv i ewe r ' : 
S 



i )r t nut. Niiiiicra 1 



PilUe h|l>) 

l-<j::;> I I i ii^ ■ Take Away I * i' o ! > 1 eiiis Presented with the. 
h'tinc t i on Ma eh i 1 e 



I II put • "utile ra 1 

I . " . 

eh i Id's i hit erv.i ewer 



eft 

\> 1 



i i 
is 

■is 



Output Numeral 



l! : - child to f i imj re out 
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Table 7 

Children's Description of Addition Hy a ['Unction Machine 



Name of Child 

Join, Jeff 
CL:i len 

Valeric, Paris 
ionics ; Shan j 
I! ii dry 



Desct iucion of Addition 



Add 

Adding 

Put ... together to make 

Take away ... put then: on here 

Make more numbers 



Table 8 

Children's Desci lotion of Subtraction by a Function Machine 



Nrii..i; o£ Chi 1*3 



John 

Gallon, Jeff 

Pa rip, Valerie 

Shani 

Monica 

Hendry 



Description of Subtraction 



Subtract 
Take away 
Take away 

Changed it from 6 to 4 
It cook (remove) two " way 
r'zike less 



8.1 



1 7 



Table 9. Children's Adding Scheme? 



Si HEME 


NAM': 


nr r u t t n 
Ur Lnl L JJ 








Valerie 










John 


;)cf f . -i Cu" len 


Par; s 


Shan i 


Monica 


Hendry 


Recalling 
Siiiiis 

! 


-iisjjl g . P 1 a c e; V ;i 1 u c 


/ 














— — — 


To A Decade 


/- - 
















Using Doubles 


/ 













r — ~ 


. 


Bv Guessing 




/ 


j 


/ 











:-\d(iiiH' On Bv Tens And Ones 


/ ! 















J ii 


Using Abstract u/i 


i / 




/ 











Us inn Vwbii-u/i 


1 

1 




7 

/ 


/ 


/ 


• 




i 


Dsiiii; Motor u/i . 






1 / 


i - 


■/ 

1 — 


— 


— 






Using Perceptual ii; i 




/ 




1 










1 iioiin : i ni? 


11 ing Verbal u/i 













/ 






. U< j n u, Motor u! ; 








. — . .. * 


/ 


/ 




! 


Froiii 1 


U ■ ine Perceptual u/i 












/ 
/ 


/ 


i 


t"0UI. ' i Hjl 

All 


:. separated 
Col Jecii.o.ns 














/ • 




! n -joined 
Col lections 
















1 

i 



H.M unit items 
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i'ahie 10, A.-.J Si:ht...j: :i. -i ' i li non ?rbbicSs 



i • st 




......... » .... 

I)i recr ■ Ju ' , on 

,; > h " 


jiiss ' ng-. Add end 
a 1 = e. 


Missing Addend 


1 M' 


Using Place Value Jo 






; Recalling 

j 

Sums 

i 

i . 

L. ... '. 


To \ Decade 


Jo 




■ - i — . ■■ ■ — - ... — ■ — -- — 


Us-ini 1 Doubles 


Jo 




By Ctiessin;* 


Jo (' V 


Jo Je ; 


Jo Je C V 


i AUU i rig Oh 


By Tens And Ones 




Jo- _ 




(iotirit mg 
j On 

r " " ' 


Us i ne Abstract u/i 


C V Je 


Je ' 




JIsXm Verbal u/1 _ J C V Je P 


+ 

Je V 


Je 


llsiric Motor u/i 


* *■ <. * 
? V Je P 


i ..-LI ^ ■- 


l; \ 


i p ■ 1 

U ; u g Perceptual u/i 


V 




■ 


| 

■ Counting 
! Froiii 1 


iJsin<> Verbal - u/i. 


s 


s 




, — j> , 

Using Motor u/i 


P s 


p 


P 


Using Perceptual u/i 


s .... 






i Counfine 
! „ -i 


in Separated 
Collections 


1 — - ■ ' ' — — H 

P s 






In Joined 
Col lections 


H 


1 

I 


; Separating 






M 


c 


! cgend ; (>(ini ten 
M - M b h i ca 


H-ilendry Je-Jeff 
P = Paris S Shan i. 


Jo-John 
V ■Valerie 



u/i ir i t items i ■ 

* one aduend is between 10 and 20 
% one addend is greater than 20 
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Tabic 1L Children's Subtracting Schemes 



■ • 

1 SCHEME 


Name of Child 


1 . J oti ii . Jeff Cuiioii Valaric '.iris Shai.. , \i 


llenJry 


1 

I 

j 

i 

Recall iiii; 
- 


lU.Tiu?d FlLCt'S 

-t'-V-i-l V-V-VI 1 L, 1 - 






r 

| h ~~ 




j 




Miinihui' Fact bv Irial u '*rroi 












------ 


Subtraction Fact 


1 ./ 

i 




1 
i 

; / 






i 


"\'i'it i i i Pii't 

■ U ul. t i vll I ill I 


7 
/ 
f 




/ 










Result iiy (iiiL'Ssinjj 


/ 

/ 






i_ / : •/ 








Count 

■Down 

lib 

1 


trsiiu; U'rbai u/i 












1 




U.Uiiij Motor u/i 








■ / 








liikilJLatqittnLii/j 


1 — — 








— , 






i ■ 

lUiliat III-.' 


Verbal ii/i 










— t 








Down L Motor ji£L 






- - Z | 

— ^4 — ^_ — . 


i 








; with 


iVfCMtliiil ii/i 










/ 








Oountinji 


Usiriii. Abstract u/i. . 


|__ _. . 


■ / - 














lip 

# 


[is wig Verbal u/i 




i 
t 




, L 










Using Motor u/i 




I 


, / 


f 

_ / .... 




, — „ — 


— — — 




Us inj; Perceptual u/i 










/ 











Trial and h/rd 


' Separating 




i 


/ 




— t 








Adding Ml 






/ 




/ 




/ 




Separating 






/ 


/ ! / 


7 


/ 


> i 



Legend: u/i jnit items 

/ scheme used by child 
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Tabic 12: Children'? Schemes and Subtraction Problems' 



i 

! LOU!':! !K>un 



liiKIt Powr 



Kith 



Ciiiir.t : ii;! 



I 



Derived Fact, 



Nu.iijer Fact By 
Trial And Error 



leca 1 i 1 n ii i 



.Kuhttact ion 



Addition Fact 



Direct Subtraction 
a - b = 



Jo 



Jo 



a. 

Jo 



I .iu?s.uit. By Guess ing i Jo Je P 



i 1' siriR Verbal ii/i 
l : :;ijip Motor u/.i 



'■$'\f,'; Perceptual u/i 



rb'i J 

Motor ujj 

i ,: r ■: c ptua-1 -u/i- 



— u 



Abstract ii/i 



!' V-tTO-L ll/j — 


Je 


■ : Mo to; u ' ; 


C 


•re 1 n/i 









Mi ssing-Subtrahend 
a - = c 



..•ii Je C 



«< 

Je 



! tnal Ajd_ 
UidiacJ! i 
: m luiH* in;: 



.no; 



i' t: v s m 



ssi r.g-Minuend 

- b 5 fc 



Jo 



,1 e 



Je-V 



Je C 



JLUL 
• s r 
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Li'v^iiii: t; - ^ • n eii il-!!er,dry ''-Jeff Jo-Job:; 

v ;o;lica P-P;;r^ S-Snan: :"- Vaicri c 



u/i unit nens 

* minuend is between in and 2(i 
k ninuend is greater than 2C' 
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T;ii)U' 15, Children's Schemes, and Comparison and Equalizing Problems 



SCHEME 



Recal I i hii 



Peri vcu Jjict^ 

ft i fiber Fact By 
Trial and Error 



Lcmpa r : son 
more 



Subt met ion 



Addi t ion I a c t 



Result Bv fiiiessinn 



Jo V 



our, T kM\ii 



Us in i' Verbal u/-i 



Using Motor ji/j . 
ilsing Perceptual li'i 



lis i h ^ Abstract u/i 



[is in i 1 -terbal ti/i 



Is in*: Motor 11/ 1 



Ilsing P t-m^-ptual u/i- [ 



H'Piirat ; iii; 



.ompan s on 
less 



Equalizing- 
add 



J e 



.10 



Equalizing 1 
take; away 



,)o 



V i 1 



i.i-1'.eml: i;-t;iii I en ie-.lcff .In-John 
M- Moii i c-;i P- Paris Valeric 

' larger gie'n numiier is betuecn It) and 2f 

<*• larger given n urnbe r :< greater than 'H' 




Counter of 



Per cept ual 
i terns 



Abstract u/i terns* 
Verbal n/ items 
Motor a/items 
Fiqural u/items 
Perceptual in/items 



/ 
/ 
/ 
/ 

o 



Figu r al 
i t em s 



/ 
/ 
/ 
o 



*u/items: unit items 
Legend: o most advanced items 
/ more primitive items 
x undifferentiated it ems 



Mot or ic 
items 



/ 
/ 
o 
x 

X 



Verbal 
items 



Abstract 
items 



/ 

o 

X 
X 
X 



Figure 3. The development of counting 
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_J 



IN 



IN 



J 



OUT 



^ Partition 
(holds input numerals) 



Figure 4(a) 



Front view of a 
two Input Holes 



Function Machine with 



IN 



OUT 



Partition 
(holds input numeral) 



Figure A (bj . Front view of a Function Machine with 
one Input Hole 
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Input* "5" 



Input* "3" 



IN 



IN 



Output* "8''^ 



OUT 



Partition 
(ho Ids input cards) 



* card with pictures of animals 
Figure 5(a), Addition by a Functior Machine 



Input* "6" 



► in 



IN 



Input* "2" 



Output* M 4"p^ 



OUT 



Partition 
(holds input cards) 



card with pictures of animals 



Figure 5(b). Subtraction by a Function Mac hi no 



9 5 



ut tor. 
number 
words 
f o rwa rd 



pcrccptua \ 
i terns 



Begin 



o.ne two 



Stop 



fi rst 
addend 



Resume 




Stop 



i 



one two 



next ;r 



second 
addend 



next, 




const, rue ted 
cd 1 i ect i on 



first 
addend 



second 
addend 



utter 
number 
wo rds 
fo rwa rd 



pereeptua J 
tin i t 
i tcins 



Resume 



V 7 



QHC t.WO 



nex t 



find 



sum 



next 



coils t rue t ed ; 
collect: oii 



Sum 



" igurc b(a] Representation Al (Count i rig All In Joined Collections) 



9 A 



utter 
luimhe r 
words 
fo rwa rd 



pe ivep tiia I . 
i t cms 



cons t rue t cd 
c<> i i cc t i or 



Bog i u 



Stop 



Res nine 




f i rst 
addend 



j 



brie Xi<o 



Stop 

I 

second 
addend 




second 
addend 




lit te r 
iiiiiiiljc r 
wo rds 
fo rwa rd 



pe rcbptii.'i 1 
i t cms 



cons t roc t cd" 
collection 



• 1 gnorc 
separat ion 



I-ik! 




sum 



Figure Repres eiltati ori Al (Count i ng Al 1 In Separated Collections) 
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iit t o r 
huinbe V 
word:, 
f o rwa i ! 

Verba 1 , 
motor; : 
pe rc ep tua 1 
i to ms 



lU'ii i M 



Make 
Scpa rii t i oil 



I'nd 



Sum 




cons t rue ted 
co l 1 oc t i bii 



f i rst 
addend 



second 
a ddend 



Figure '. Rep res lent a t i oil A 2 (Counting From 1) 
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Begi ri 



"at.te r" 
number ; 
wbrUs 
Fbrwa nl 

Jibs t r;i c t , 
verba i ; 
nu) to r, 
pe rcept ua 1 
i tern. 1 * 

u* c > 11 s t rue Led 
number or : 
co i Ice t i on 



Make 
Separat i oh 



l:ncl 




Sum 



ijuire 8. Representation A3 (Counting On). 
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Reca i 1 
;uUl i t i oh 
hie t 




v / ' NO 



Increase or 
dec rease one 
addend 



Yes 






The Sum 


> *~ 1 ' 






is the 




answer 



Figure 9 



res en tat. ion (Recalling Sums) 



106 



ERIC 



in t c r 
until!* * r 

WO I'll ' > 

I'u rwa rd 

pc iv r|>I ii.i 1 
i t nits 

c i ) 1 1 s t r 1 1 c 1 1 • •. 
i : u 1 1 ec t i oil 

u t t e r 
iimiiber 
words 
foi-wa 

j >c rcept i la 1 
i t cms 



cons t nic t eci 
co !. I cc t i on 



one i v w {) 



o 



o o 



Resume 



one two 



next_^ 

u 



nex t 



( > o - - 




m i nnciu 



make 
sepa ra t 



sub t ralioiiU/ 
il i f.T c re ne e 
i 



1 

- o 



V 

suht ra hoiul/tl i f ferene c 



Resume 



iii t er 
iiiiiiiho r 
u o rtls 
f orwn rd 



pe ixe p t ii.'i 1 
i t ems 



const nic Led 
co 1 1 cc t i on 



one two 



.next 
4^ — -i>r 



Ui f f erei 



figure in. Representation SI {Separating} 
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1Q7 



Beg in 



utter 
number 
wOrds 
forward 

perceptual 
i t eiiis 



constructed 
coticct ion 



utter 
number ; 
word 
forward 



perceptual 
items 



constructed 
collection 



one two 



next 



Stop 



Subtrahend 



next 




Subtrahend 



Resume 



Resume 



one • two 



S t b p 



difference 



next 
o o- 



next 



-o o 



di f f erence 




iii i hii oriel 



minuend 



Figure 11. KcpresciiLat i oii S2 [Adding All) 



carry out t lie? 
sep.trat scheme 
with n "guessed" 
subtrahend or 
Li i f f ereiice 



1 
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Figure 13: Representation S4 (Counting Up) 
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Figure 14. Representation SS (Counting Down) 
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